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a b s t r a c t
Crystal plasticity simulations and experiments of cylindrical indentation on Nickel base
single crystal superalloy specimens are presented and discussed. The subsurface stress
and strain ﬁelds presented are similar to those observed in meso-scale dovetail joints in
single crystal turbine blades. Load is applied in the [0 0 1] primary orientation while the
 1 0
secondary orientation of the single substrate is varied. The secondary orientations ½1
and [0 1 0] are examined at room temperature. The plastic zone below the indent is analysed in terms of the activated slip systems. The Finite Element predictions are compared
to the detailed experimental observation of slip lines on the free lateral surface of the substrate. Results presented are of particular relevance to the understanding of slip localisation in single crystal dovetail contacts and subsequent crystallographic crack nucleation
and propagation induced by subsurface shear stresses.
Ó 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Nickel Base Single Crystal (NBSX) superalloy turbine blades used in high performance aircraft and rocket engines, are subject to high operating temperatures and high monotonic and cyclic stresses in a highly corrosive environment. Aircraft turbine mission proﬁles are often characterised by multiple throttle excursions, which shifts attention to fatigue and fracture
considerations associated with areas below the blade platform which contain various stress risers in the form of buttresses
and attachments. These stress concentration features are prone to contact fatigue damage, and can result in crystallographic
initiation and crack growth along octahedral planes (Deluca and Annis, 1995; Arakere and Swanson, 2002). A quantitative
description of the fatigue crack nucleation process in a single crystal anisotropic contact is far from complete. Some factors
that are considered to play an important role in fatigue crack nucleation are the magnitudes of resolved shear stress on the
slip planes and the normal stress on the slip plane with the highest resolved shear stress (Nalla et al., 2002). To better identify crack nucleation mechanisms, an understanding of evolution and localisation of plastic slip in single crystal meso-scale
contacts, where the stress state is strongly triaxial, is essential. The anisotropic elastic and plastic properties of single crystal
specimens depend on crystal orientation. In metallic single crystals, crack nucleation in regions of stress concentration is
typically preceded by cyclic slip localisation. The growth of nucleated cracks is also preceded by plasticity at the crack
tip. Thus, both initiation and propagation of cracks are inﬂuenced by elastic and plastic anisotropic material properties,
and consequently by crystallographic orientation. Fracture toughness of single crystals has also been found to be dependent
on both primary and secondary orientation of single crystals (Shrivastava and Ebrahimi, 1997; Gumbsch et al., 1998; Ebrahimi and Kalwani, 1999; Arakere and Swanson, 2001; Arakere and Swanson, 2002; Ranjan and Arakere, 2008).

⇑ Corresponding author.
E-mail address: nagaraj@uﬂ.edu (N.K. Arakere).
0749-6419/$ - see front matter Ó 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijplas.2013.05.004

P.A. Sabnis et al. / International Journal of Plasticity 51 (2013) 200–217

201

Examples of fretting/contact damage is often observed in the regions where the blade-root is attached into the turbinedisk. The material deterioration usually begins with either crystallographic or non-crystallographic damage initiation, and is
often followed by crack propagation along crystallographic planes. Thus, an understanding of the fracture process in NBSX
alloys is essential in evaluating the fatigue life of turbine-blades. To foster such an understanding, the study of localised plastic deformation (which usually precedes damage initiation) in NBSX superalloys is a necessary step. While there exist many
experimental studies addressing the evolution of macro-level-plasticity in this kind of materials, to the authors’ knowledge,
there are few studies that are aimed at an analysis of sub-surface behaviour. Many instances of material-damage-initiation
and micro-crack-propagation are observed to occur in the sub-surface layers of the material. Consequently, the following
article presents a tool to aid in the necessary analysis of localised sub-surface ﬁelds in NBSX specimens.
A study of literature related to indentation on NBSX superalloys reveals a few interesting applications of indentation
experiments. Indentation experiments have been used extensively to measure hardness and mechanical behaviour of materials. Indentation provides a convenient means for investigation and better understanding of the elastic limit and incipient
plasticity in crystals. In recent years there has been considerable interest in the study of micro- and nano-scale indentation of
anisotropic bulk materials, layered and functionally graded materials, and single crystals, to understand scale-dependent
mechanical behaviour. Xu et al. (2009) use experimental indentation to study creep properties of an NBSX material, and
use the Crystal Plasticity Finite Element Method (CPFEM) to investigate the effect of varying the primary orientation of
the crystal, on the creep surface-morphology (see Xu et al., 2008) in an NBSX material. Eidel (2011) presents an experimental
study and a CPFEM investigation of a pyramidal indentation on a CMSX-4 specimen. Brinell-type indentation of CMSX-4 single crystal substrate is considered by Zambaldi et al. (2007) to relate the plastic strain ﬁeld induced on the indented surface
at room temperature and recrystallisation phenomena occurring at higher temperatures. Comparisons between experimental and ﬁnite element results are provided regarding the anisotropy of sink-in or pile-up formation on the deformed surface.
Arakere et al. (2006) present 2D and 3D numerical techniques to investigate subsurface stresses anisotropic materials, and
apply these techniques to simulate cylindrical indentation on a NBSX material. Results from a simulated contact model are
also presented as an interesting alternative to using a numerically-intensive conventional ﬁnite-element-method -based
contact algorithm. Other recent articles on dislocation nucleation and plasticity during indentation of single crystals have
been published by Tymiak et al. (2001), Zhu et al. (2004), Deshpande et al. (2004), Balint et al. (2006), Nicola et al.
(2007), Kysar et al. (2007) and Casals and Forest (2009).
The mentioned contributions mainly address the deformation of the indented surface, especially the formation of pile-up
or sink-in. The conﬁguration studied in the present paper is very different since slip is observed on the lateral surface and not
the indented surface so that insight is gained on the plasticity below the indentor, which is possible thanks to the choice of a
cylindrical indentation instead of usual Berkovich or Brinell indentation. The case of cylindrical indentation handled in the
present contribution corresponds to signiﬁcantly different mechanical loading conditions and is especially relevant for the
behaviour of blade footings. Experimental results of this type in single crystal superalloys are very scarce and their interpretation by means of crystal plasticity ﬁnite element simulations is unique. The simulations will explain the experimentally
observed strong dependence of the plastic zone size and shape below the indentor depending on the secondary orientation,
the primary orientation being kept to [0 0 1]. That is why the presented work contains original contributions in this important ﬁeld of crystal plasticity of Nickel-based superalloys. Accordingly, the paper provides a complementing perspective to
indentation compared to existing literature, and which is better suited to the turbine blade footing.
As already stated, the following article aims to address the analysis of sub-surface ﬁelds. To this end, numerical simulations were conducted using standard crystal plasticity material models. The details of the material model used in the simulations are discussed in the following sections. The results are then post-processed to generate dominant-slip-maps (as
discussed in Sabnis et al., 2012), which are then used to analyse the deformation ﬁelds in the NBSX substrate.
Dovetail joints are used to secure compressor and turbine blades to disks in turbine engines. The rotational loads (body
forces) of the jet engine turbine blades are reacted at the dovetail joints. The contact locations, their area of contact and contact stress are a complex function of geometry and clearance between the parts. The resulting contact stresses can be quite
high, leading to localised yielding. Fretting results from blade vibration, which perturbs both the normal and tangential loads
at the contact, resulting in contact fatigue loading. Gas turbine mission proﬁles are often characterized by multiple throttle
excursions associated with maneuvers such as climb, intercept and air-to-air combat. This type of loading shifts attention to
fatigue and fracture considerations associated with areas below the blade platform, which contain various stress risers in the
form of attachments (Arakere and Swanson, 2001). The gas turbine industry is moving toward a design philosophy that stresses damage tolerance and threshold based designs, which has prompted the study of micromechanics of single crystal contacts, localised plasticity, crack initiation and other events that affect HCF life. Hence the study evolution of plasticity in
cylindrical single crystal meso-scale contacts is very much pertinent.
A study of sub-surface plasticity/slip ﬁeld development in cylindrical single crystal contact that is relevant to meso-scale
blade attachment type of contacts is presented in the following sections. A cylindrical indentation experiment on a substrate
closely represents the geometry of the section that is in contact with the disk. From a theoretical perspective, two alternative
conﬁgurations could be considered for the proposed study. The ﬁrst conﬁguration would use a NBSX cylindrical indent on a
hardened-steel substrate. While this conﬁguration represents more closely the setup of a blade attachment, practical considerations concerning the production of an NBSX indent lead to experimentation using the second conﬁguration. The second
conﬁguration consists of NBSX substrates upon which indentation tests are conducted. In the study presented here, a hard-
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Fig. 1. Schematic representation of the indentation set-up.

ened steel roller bearing was used as an indent. A schematic representation of the numerical experiment used in the study is
shown in Fig. 1.
Due to the highly anisotropic nature of this class of materials, the indentation experiments and simulations were carried
out for two secondary orientations of the substrate. The two crystal orientations considered for the substrate materials are
deﬁned with respect to the substrate frame XYZ, Y being the normal direction to the indentation plane. Z is the direction normal to the observation plane, see Fig. 1. The two orientations are the following:
 1 0kX; ½0 0 1kY; ½1 1 0kZ
 Orientation A: ½1
 Orientation B: ½0 1 0kX; ½0 0 1kY; ½1 0 0kZ
The present work is structured as follows. Section 2 provides a detailed description of the experimental procedures carried out in the study. It is followed by a description of the numerical aspects of the simulations (Section 3). The results of the
analysis are presented in Section 4 in terms of slip system activity. They are then discussed in relation to experimental observations of slip lines on the free lateral surface of the substrate. In particular, CPFEM is used to show the signiﬁcant differences
between slip activation on the free surface and in the bulk, which may have implications for the behaviour of turbine blades.
Results presented have both engineering and scientiﬁc relevance to the analysis and fatigue design of single crystal superalloy turbine blades.
Regarding notations used throughout this work, ﬁrst, second and fourth rank tensors are denoted by a; A and A,


respectively.

2. Material and experimental procedures
PW1480 single crystals of Ni-base superalloy castings in the form of two 25 mm diameter (1 inch) bars with cylinder axis
along the ½0 0 1 direction were provided in as-heat-treated condition by Pratt and Whitney. The microstructure of the alloys
consisted of cubical primary c0 precipitates in a matrix of solid solution c. Both crystals did not have any noticeable eutectic
pools or pores. Laue X-ray back-reﬂection technique was employed to identify the crystallographic orientations of them,
based on which the samples’ directions were realised. Although this material consists of two phases (Face Centred Cubic
(FCC) c-matrix and L12 c0 -precipitate), in the case where particle shearing takes place at room temperature, geometrically,
plastic deformation is analogous to a FCC single crystal. The c0 phase is an intermetallic. Consequently, these materials have
a Critical Resolved Shear Stress (CRSS) that is an order of magnitude higher than pure Al or Cu. The advantage of using a
superalloy crystal is that it yields at considerably high applied stresses and therefore the applied load levels at small plastic
zones can be accurately controlled and measured. It should be pointed out that the ½0 0 1 primary orientation direction in
turbine blade castings is also controlled to within 8–10°.
The yield stress for the considered single crystal superalloy was evaluated by conducting tensile tests along the ½0 0 1
direction using dog-bone samples with rectangular cross-sections. The analysis of deformation bands on the face and the
sides of samples revealed that slip took place along the f1 1 1g planes (Ebrahimi et al., 2006; Westbrooke, 2005; Ebrahimi
and Westbrooke, 2008). Assuming the activation of octahedral slip systems, the average CRSS value was measured to be
324 MPa.
Fig. 2 shows the slip traces observed on the free surfaces for the two orientations used in the cylindrical indentation
experiments. The theoretically expected slip traces are shown in Fig. 5. For Orientation A, slip traces extending up to a depth
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(a) Orientation A at 500 μm contact
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(b) Orientation B at 325 μm contact

Fig. 2. Experimental slip traces observed.

of approximately 800 lm are observed on the free surface. The most prominent slip bands are found in a 550 lm wide region, directly below the line of initial contact (see Fig. 1). For Orientation B, the slip lines extend up to a depth of 300 lm. The
slip traces observed on the free surface of Orientation B are spread over a width of approximately 760 lm at a contact length
of 325 lm.
3. Computational analysis
In the present study, the elasto-plastic deformation of the NBSX substrate is addressed by a combination of cubic elasticity and crystal plasticity material models. The cylindrical indent is treated as an isotropically elastic solid. The actions/reactions of contact forces on the indent/substrate are simulated by a suitable contact algorithm. These behaviours are
incorporated in the nonlinear ﬁnite element framework Zset (see Besson and Foerch, 1997).
3.1. Finite element mesh
Two types of meshes are considered in this work. Mesh 1 represents the full geometry shown in Fig. 1. It can be used for
non-symmetric orientations of the single crystal. In particular, it will be used to test the effect of small deviation from ideal
crystal orientations. However, the geometry of the system and the main orientations of the single crystal substrate considered in this work allow for reduction of the mesh size due to symmetry reasons. For the two orientations considered in this
work, one quarter of the previous mesh is sufﬁcient to predict the full stress–strain ﬁeld. This second ﬁnite element mesh is
called Mesh 2.
Mesh 1 is constructed by the extrusion in the Z-direction of a 2D quadratic-element mesh. The extrusion of the 2D mesh
contains 10 elements along the thickness, with a higher element density near the free surface of the specimen. The concentration of elements is focused towards the free surface since high strain gradients are expected in the region due to the fulfilment of the traction free surface conditions. The contact line between the indent and the substrate (corresponding to a
contact length of 500 lm on the top edge of the free surface), was meshed with 40 quadratic elements of equal length with
reduced integration. The ﬁnite elements of Mesh 1 are 20-node quadratic bricks and 15-node prismatic elements, with reduced integration.
Mesh 2 represents one quarter of the NBSX substrate used in experiments, thus requiring symmetry boundary conditions
in both X- and Z- directions. It consists of linear elements with reduced integration because, in conjunction with the contact
algorithm, it was found to be computationally faster. Mesh 2 is slightly coarser than mesh 1 with regards to the free surface
(31 nodes over a length of 125 lm in mesh 2, as compared to 41 nodes over a length of 125 lm in mesh 1). This difference in
densities is due to the choice of quadratic elements in Mesh 1 as compared to linear elements in Mesh 2. It is noted that, for
the indentation loads considered in this study, there were no remarkable differences in the ﬁelds observed by either of the
two meshes. The ﬁnite elements of Mesh 2 are 8-node linear bricks and 6-node prismatic elements, with reduced integration.
A greater number of layers along the thickness with the concentration focused towards the free surface is understandably
preferable, as it allows for a better estimation of the gradients near the free surface. However, increasing the number of elements in the thickness also increases the computational effort required for the resolution of the problem by signiﬁcant
amounts. Computational characteristics such as number of degrees of freedom (DOFs), numbers of elements and computational memory required for the resolution of the non-linear problem for some of the meshes used in the simulations are given in Table 2. Results from various simulations are presented in the following sections. The results presented contain 10 and
20 elements along the thickness of the specimen (for Mesh 1 and Mesh 2 respectively), unless otherwise speciﬁed. Both the
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generated meshes, Mesh 1 and Mesh 2, are shown in Figs. 3 and 4 respectively. The dimensions used for the experimental and
numerical specimens are indicated in Table 1.
3.2. Crystal plasticity and material parameters
For the numerical modelling of crystal plasticity, Mandel (1973) suggested a generalised formulation in which a multiplicative decomposition of the deformation gradient tensor F, into elastic and plastic parts Fe and Fp is postulated. The plastic



part Fp maps the inelastic deformations onto a intermediate conﬁguration, in which there is no rotation of the material

microstructure with respect to the reference orientation. The rotations/lattice distortions are then introduced via the elastic
part of the split Fe .


F ¼ Fe Fp


ð1Þ

 

Based on this multiplicative split of the deformation gradient tensor, the Green–Lagrange strain tensor can be introduced as

E¼


i
1h T
Fe Fe  1

2  

ð2Þ

Introducing the Piola Kirchhoff stress tensor P as
T
P ¼ J e F1
e r Fe




ð3Þ

 

and the Mandel stress tensor M as


M ¼ J e FTe r FT
e




ð4Þ

 

the stress power can be rewritten as


J r : F F 1 ¼ P : E þ M : Fp F1
p


 







ð5Þ

 

In is noted that the J ¼ detðFÞ; J e ¼ detðFe Þ. In metals, plastic deformation is isochoric, thus J p ¼ detðFp Þ ¼ 1.



The introduction of the stress power into the generalised local dissipation relation yields the elasticity state law as

P :¼ q


@w
¼C:E
@E  

ð6Þ



where C is a fourth order tensor representing the elastic moduli. The above relation is obtained upon the assumption of a

quadratic potential w.r.t. E. As mentioned earlier, the anisotropic nature of NBSX crystals is captured by the use of cubic crys
tal elasticity. Due to reasons of crystal symmetry, C can be represented as a 6  6 matrix characterised by three material

parameters.

(a) Mesh 1

(b) Mesh 1 – zoom to 500 μm width

Fig. 3. Mesh 1 used corresponding to the full indentation setup.
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(a) Mesh 2

(b) Mesh 2 – zoom to 250 μm width

Fig. 4. Mesh 2 corresponding to one quarter of the indentation setup.

Table 1
Dimensions of the specimens tested.
Specimen dimensions (in mm)
Width
Depth
Height
Radius of indent

5.0
8.5
2.5
2.25

Table 2
Computational details for symmetric quarter specimen.
Number of elements along thickness
10 Elements

16 Elements

20 Elements

Mesh 1
Total number of elements in mesh
Number of elements in NBSX substrate
Number of elements in Hardened Steel indent
Number of DOFs
Memory required (Mb)

50,210
40,003
18,207
665,499
17,083

–
–
–
–
–

–
–
–
–
–

Mesh 2
Total number of elements in mesh
Number of elements in NBSX substrate
Number of elements in Hardened Steel indent
Number of DOFs
Memory required (Mb)

53,420
45,780
7640
182,688
2167

85,472
73,248
12,224
282,336
4504

106,840
91,560
15,280
348,768
6859

The evolution of the plastic slip is modelled as a multimechanism problem with an internal variable cs being assigned to
each slip system s. The evolution of cs is controlled by the implementation of the Schmid criterion, according to which plas-
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ticity commences only after the resolved shear stress ss reaches a certain critical resolved shear stress, sc . The resolved shear
stress which is given as

ss ¼ M
: ðls


ms Þ

ð7Þ

is introduced into the yield criterion, which is given by

fps ¼ jss j  sc
s

ð8Þ

s

s

l and m are the slip direction and the normal to the slip plane respectively. The evolution of c is controlled by a classical
Norton type power law. In Eq. (9), large values of n and low values of K lead to an almost ideal elastic–plastic behaviour in the
usual range of strain rates.

 s
n
js j  sc
signðss Þ
K

c_s ¼

ð9Þ

The evolution of the plastic part of the deformation gradient Fp is given by the relation


12
X

F_ p Fp1 ¼

c_s ðls

 

ms Þ

ð10Þ

s¼1

In the simulations presented here, linear isotropic hardening is included

sc ¼ R0 þ Hv s ;

ð11Þ

v_ s ¼ jc_ s j;

ð12Þ

with

where R0 is the initial critical resolved shear stress and H is the hardening modulus. No interaction between slip systems was
introduced in the hardening rule (11). The fact that the interaction matrix in constitutive models that do not consider the
two-phase nature of nickel base superalloys, is the identity matrix is not an oversimpliﬁcation but the result of identiﬁcation
from complex multiaxial tests on single crystals, as summarised in the reference (Nouailhas et al., 1995) where the Schmid
law was tested under various loading conditions. This is a speciﬁc feature of nickel-based superalloys, strongly different from
usual aluminum or copper alloys, that is probably due to the microstructure made of periodic distributions of cuboidal
coherent precipitates. This does not mean that there is no interaction between dislocations inside the channels of the c phase
but it tells us that the identiﬁcation of a macroscopic effective model based on Schmid law for nickel-based superalloys leads
to an identity matrix. The extra-hardening induced by possible latent hardening coefﬁcients was not observed in the multislip multiaxial conﬁgurations experimentally studied in the 1990s especially at low temperature, even at moderate plastic
strain levels.
It is worth noting that in small strain formulations with linearised strain tensors, the Mandel stress M in Eq. (7) can be

replaced by the Cauchy stress r as the two become equivalent. Furthermore, in small-strain formulations, the multiplicative

split of the deformation gradient tensor leads to an additive split of the total inﬁnitesimal strain tensor (e) into elastic and

plastic parts (ee and ep respectively). This split is given as




e ¼ ee þ e p





ð13Þ



For the inﬁnitesimal case, the plastic strain rate is derived from Eq. (10) as

e_ p ¼




12
X
1
c_s ðls
2
s¼1

ms þ ms

ls Þ


ð14Þ

The choice of the viscoplatic Norton law (9) ensures the uniqueness of system selection for a given stress tensor. The chosen
values for the material parameters are n ¼ 15 and K ¼ 4 MPa s1/n). They are such that the response does not display any
noticeable strain rate sensitivity in the range of strain rates covered by the simulations. The critical resolved shear stress
is sc ¼ 324 MPa identiﬁed from tensile tests on various orientations according to Sabnis et al. (2012). The slight hardening
modulus is H ¼ 75 MPa.
Alternative hardening and ﬂow rules can be found in the classical references Asaro (1983) and Pierce et al. (1983).
3.3. Determination of slip system activity
A typical NBSX superalloy consists of an FCC lattice structure, which indicates the presence of 12 octahedral slip systems
on 4 slip planes. In addition to these principal slip systems, Nickel-base superalloys also exhibit macroscopic plastic slip
along 6 cubic slip systems (see Méric et al., 1991). Macroscopic cube slip lines have been observed in the past in tensile specimens loaded in the direction h1 1 1i, see Méric et al. (1991). However, cube slip lines are not observed on the lateral surface
of the samples studied in the present work. They were not observed at the free surface of the notched specimens considered
by Sabnis et al. (2012) either. Also it could not be proved that macroscopic cube slip takes place at a crak tip in single crystal
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superalloys by Flouriot et al. (2003), although some traces were ambiguous (two possibilities {1 1 1} or {0 0 1} plane trace). No
physical explanation is currently available for that but this is a rather common observation on non-homogeneously deformed single crystal superalloys. This macroscopic analysis of slip lines is to be distinguished from the types of dislocations
in TEM observations in c channels. As a result of the experimental macroscopic observations, cube slip was not introduced in
the simulations. The simulations presented in this paper incorporate only octahedral slip (i.e. slip along the 12 octahedral
slip systems). The deﬁnitions of the slip systems used in the simulations are shown in Table 3.
Since the slip-systems’ deﬁnitions and the crystal orientations of the tested specimens are known, it is possible to determine the expected slip traces on the observable free surface of the specimen (plane normal to Z direction). These are shown
in Fig. 5. The slip traces correspond to the intersection of the slip plane of the considered slip system with the observation
surface plane. The angles of the traces obtained by such an analysis, with respect to the loading axis, can then be used to
identify the slip traces that are found experimentally on the free surface. In the case of symmetric crystal orientations however, the same trace can correspond to two possible slip planes, see for example Fig. 5. These experimental observations can
be combined with ﬁnite element computations in order to determine the most probable activated slip plane.
Three distinct slip systems can contribute to deformation along one slip plane. All of them do not necessary lead to a visible slip trace on the observation plane. For instance if the slip direction ls of system s is parallel to the observation plane,
then the motion of dislocation will not induce any step on the free surface. To make this distinction, a Visibility index (VI)
is introduced (Sabnis et al., 2012). The VI is deﬁned as the scalar product of the slip direction and the normal to the observed
free surface. The VI is computed for each individual octahedral slip system in Table 3. A VI = 0.0 indicates that the slip system
is not expected to produce a visible trace on the free surface. Correspondingly, a greater VI indicates that prominent slip
traces are expected. This differentiation provides a tool for a better comparison between simulated results and experimental
observations.
3.4. Dominant slip system maps
The obtained CPFEM results provide stress, strain ﬁelds, slip activity and lattice rotation of the substrate under deformation. However, the application of post-processing methods to these results may provide further insights into various mechanisms that are active in the material. One such post-processing technique was introduced in an earlier publication (Sabnis
Table 3
Deﬁnition of slip systems used in the crystal plasticity model and the visibility index of each slip system for the different orientations tested.
Slip system number

Normal to slip plane ms

Slip direction ls

1
2
3
4
5
6
7
8
9
10
11
12

ð1 1 1Þ
ð1 1 1Þ
ð1 1 1Þ
 1Þ
ð1 1
 1Þ
ð1 1
 1Þ
ð1 1
 1 1Þ
ð1
 1 1Þ
ð1
 1 1Þ
ð1

ð1 1 1Þ

ð1 1 1Þ

ð1 1 1Þ

 0 1
½1
 1
½0 1
 1 0
½1
 0 1
½1
½0 1 1
½1 1 0
 1
½0 1
½1 1 0
½1 0 1
 1 0
½1
½1 0 1
½0 1 1

[001]
7

8

γ ,γ ,γ

γ 4 , γ 5, γ 6

γ 1, γ 2, γ 3

Orientation A

Orientation B

0.5
0.5
0.0
0.5
0.5
1.0
0.5
1.0
0.5
0.0
0.5
0.5

0.707
0.0
0.707
0.707
0.0
0.707
0.0
0.707
0.707
0.707
0.707
0.0

[001]

9

35◦

Visibility index

35◦

γ 10, γ 11, γ 12

Orientation A

1

2

γ 4, γ 5 , γ 6
γ 10, γ 11, γ 12

3

γ ,γ ,γ
γ 7, γ 8, γ 9

45◦

45◦

[1̄10]

[010]

Orientation B

Fig. 5. Theoretical slip traces observed on the free surface normal to Z axis for both considered orientations.
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et al., 2012). The method analyses the plastic slips (cs ) on each individual slip-system, in order to determine the slip system(s) with the maximum amount of slip (absolute value) at each stored time step, at each Gauss point. Then, each point
is assigned an index corresponding to the label of the slip system with the Dominant plastic slip. The resulting maps are
the dominant slip system maps, referred to henceforth as c-maps.
The c-maps represent only the most active slip system and should not be confused with an indication on the number of
simultaneously activated slip systems at a given points. The generation of c-maps requires a threshold to differentiate between active and inactive slip systems, this threshold is chosen to be an amount of slip equal to 107 in our simulations. Such
zones with plastic deformation below this minimum level are assigned an index of 0, which indicates purely elastic domains.
The post-processing applied chooses the slip system with maximum slip by serial comparison of slip systems in an
ascending order. If for example, one considers only the octahedral slip systems, then the procedure compares the plastic slip
by pairs, beginning at slip systems 1 and 2, and then proceeding to system 2 and 3 or 1 and 3 (based on the outcome of the
comparison between 1 and 2). This feature is particularly useful in the case of multiple slip systems having the same maximum amount of plastic slip. In such a case, the index corresponding to the slip system occurring at the latest in the comparison queue is assigned as the index of the Gauss point. Furthermore, a negative sign is placed ahead of the index to
indicate that other slip systems are exhibiting same amounts of slip activity.
3.5. Numerical algorithms
In this section we give a brief description of numerical algorithms employed in this work, that are implemented in the
ﬁnite element suite Z-set, see Besson and Foerch (1997). For integration of the constitutive equations for the crystal plasticity
model we used a speciﬁc implementation of the theta-method according to Chaboche and Cailletaud (1996) coupled with an
adaptive time-stepping algorithm. The global non-linear problem, which is formulated within the ﬁnite element method, is
solved by the classical Newton–Raphson method. To introduce contact constraints (non-penetration/non-adhesion), we used
the direct ﬂexibility method by Zienkiewicz et al. (1995) and Jean (1995). In this approach the contact constraints are fullﬁlled on abstract node-to-face contact elements, see Wriggers (2006), each of them contains one node (slave) from one contacting surface and one face from another surface (master). In contrast to widely used penalty and Lagrange multipliers
techniques, this direct approach leads to a better global convergence, because nonlinearities associated with the material’s
behaviour and the contact are treated separately.
4. Results
A direct comparison is drawn between the computational prediction of slip activity at the free surface and the experimentally observed slip lines for two single crystal orientations.
4.1. Comparison of computed c-maps with experimental observations
Cylindrical indentation was simulated for substrate single crystal orientations A and B up to a contact length of 500 lm in
the plane normal to Z. The c-maps were determined at several loading steps. The comparison of FE results with experimental
ones is carried out by superimposing the dominant slip maps onto the optical micrographs of the experimental specimens.
An analysis of the c-maps shows that the plastic slip zones predicted by CPFEM have dimensions close to the experimental
values. This can clearly been seen in Fig. 6. The slip systems predicted by CPFEM are compared in a more systematic way
with the slip lines in the optical microscope images, while considering the VIs presented in Table 3, the angles of the expected slip lines (Fig. 5) and the magnitude of the individual slip systems predicted by the CPFEM.
4.1.1. Orientation A
For Orientation A, slip traces are experimentally observed up to a distance of 800 lm below the indent for an indentation
depth d ¼ 19 lm. The width of the region containing slip lines reaches 550 lm for a contact length of 500 lm. The dominant
slip systems in the lateral lobes for Orientation A have a zero visibility index according to Table 3 (slip system 10), This indicates that there is no contradiction between experiment and computation. The depth of the simulated plastic zone in the
observation plane is slightly underestimated as compared to the experimentally observed depth of slip lines.
The dominant slip system map shown in Fig. 6(b) shows an analysis of the post-processed results, which have been superimposed onto the optical micrograph image. The solid black lines show the trace for the dominant slip system identiﬁed in
the post-processed maps. The zones where the most-active slip systems are identiﬁed as systems 4, 5, 7, 9 and 10, are in good
agreement with the slip traces observed in experiments. The zones where slip systems 11 and 12 are predicted to be the
most active do not correspond to the inclined slip traces observed on the surface of the experimental specimen. The experimental slip traces rather hint at the dominance of slip systems 4 and 7 in these regions.
Focusing on the region where system 12 was identiﬁed as the dominant slip system, a comparison of Fig. 2(b) with the
expected slip lines in Fig. 5 indicates the systems 7–9 as the most probable candidates for the position of the ‘‘most-activeslip-system’’ in the region. Upon examination of the plastic slip on each individual system in the CPFEM, systems 8 and 9 are
ruled out as they present no activity in the region under consideration. Furthermore, the values of slip on the systems 7 and
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(c) Scale indicating the diﬀerent slip systems represented in the γ–maps
Fig. 6. Comparison of dominant slip maps (c-maps) and experimental results for an indentation depth d ¼ 19 lm for (a) and d ¼ 30 lm for (b).

12 are found to be very close ( 0:027) over a major part of the region in question. Keeping in mind the fact that the systems
7 and 12 have the same VI, we conclude that these slip systems exhibit similar levels of activity. It is interesting to note that
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(a) Plastic slip on slip system 7

(b) Plastic slip on slip system 12
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Fig. 7. Iso-values of plastic slip for systems 7 and 12 (orientation B).

the combined application of c-maps and VI allows for a more focused analysis of slip systems. In the present case, two slip
systems (7 & 12) out of the 12 available systems are identiﬁed as the most probable dominant systems.
Another feature that is observed in Fig. 6(b), is that the axis of symmetry between the slip lines (which is expected to be
in-line with the loading axis) is at an angle of about 8° to the vertical axis. This deviation from the expected slip traces could
be due to a misorientation of the primary [0 0 1] direction. A conﬁrmation of the angle of deviation from the ideal orientation
by experimental techniques such as Laue measurement is necessary, such a conﬁrmation of misorientation may shed light
on some sort of a bias towards system 7 over system 12 in the experiment. In the absence of such analysis, further simulations of the experiment which account for some misorientation in the material, are suggested. Such simulations were conducted and are discussed in a later section (see Section 5.3).
4.1.2. Orientation B
In Orientation B, slip traces are seen in a region that extends up to 540 lm below the indent and about 760 lm wide at a
contact length of 325 lm. For Orientation B where two small lateral lobes are observed according to the simulation in
Fig. 2(b) in the absence of observed slip traces.
Two major lateral plastic zones that are observed in the c-maps for Orientation B match the slip traces observed on the
experimental specimens. The c-maps also indicated two central domains dominated by the slip systems 7 and 12 in the cmaps, whereas no slip lines are observed in the experiment in these zones. A closer inspection of the VI values for Orientation
B indicates that the slip systems 7 and 12 are not expected to produce any visible slip traces (i.e. VI = 0) for this surface orientation. Thus, the presence of plasticity on these systems cannot be conﬁrmed by optical examination alone.
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(a) Orientation A at 500 μm contact length

(b) Orientation B at 325 μm contact length

Fig. 8. Slip activity at the core of NBSX substrates. To be compared with the c-maps in Fig. 6.

It is also noted that some intense curved bands occur in the experimental images. These intense bands are symmetric
about the [0 0 1]-axis and overlap with other slip lines on the surface. To conﬁrm the existence of such more intense deformation zones, the individual amount of plastic slip on each slip plane was examined. The CPFEM simulations indicate a signiﬁcant strain localisation due to the slip systems 7 and 12, which seems to correspond to the localisation bands observed in
the specimen. The computed contours of plastic slip on these two systems are shown in Fig. 7. However, the simulated results need to be conﬁrmed with further testing such as strain ﬁeld measurements by microgrid or digital image correlation.
5. Discussion
The FE simulations presented in the previous section provide additional information that could shed light on the differences between slip activity at the free surface and in the bulk of the specimen. These aspects are addressed in the following
section. Lattice rotation ﬁelds and crystal misorientation effects close the discussion.
5.1. Surface vs. bulk behaviour
The CPFEM reveals a rapid variation of plastic strain along the thickness of the simulated specimen. The plastic strain ﬁeld
observed at the free surface changes drastically at a distance of  320 lm from the free surface (see Fig. 10). The bulk plastic
ﬁeld then stabilises and becomes invariant along the Z-axis. The c-maps in the core for both the specimens are shown in
Fig. 8. Comparing these c-maps with the c-maps in Fig. 6, obvious differences in shape and size of the plastic zone and nature
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Fig. 9. Equivalent plastic strain ﬁeld for FE computations using the small strain formulation of the model (b) and the ﬁnite deformation model (a), for
Orientation A at a contact length of 140 lm.
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Fig. 10. Variation of lattice rotation in Orientation A specimen at a contact length of 140 lm (in radians).

of dominant slip systems, are observed between the core and the free surface. These differences are the consequences of
plane stress conditions at the free surface and to symmetry conditions in the core. This indicates that the analysis of such
experiments should not be based solely on the observation of the free surface and that complementary destructive analyses
are required inside the sample. Such different bulk and free surface behaviours were already noted in the simulation of
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Fig. 11. Comparison between the lattice rotations in the two secondary orientations at a contact length of 140 lm (in radians).
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Fig. 12. Dominant slip map in specimen with Orientation A. A misorientation of 10 was introduced in the simulation.
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(a) Specimen core

(b) Specimen free surface
Fig. 13. Von Mises stress in Orientation A specimen. 10 misorientation was introduced for the simulation.

cracks in single crystal superalloy CT specimens, see Flouriot et al. (2003). In the reference Kysar and Briant (2002), the specimens were cut at the middle section and an EBSD (Electron Back-Scattering Diffraction) analysis was performed, thus
revealing parts of the bulk material response. The surface effect was also pointed out in the case of ﬂat double notched specimens in Sabnis et al. (2012).
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Fig. 14. Stress triaxiality at the core in the Orientation A specimen. 10 misorientation was introduced in the simulation.

5.2. Small- vs. ﬁnite-strain formulation
The results of Finite Element simulations obtained by means of the ﬁnite strain and of the small strain versions of the
crystal plasticity model (see Section 3.2) were compared for loading conditions encountered in the experiments. The small
strain version of the model is computationally less expensive in terms of CPU time, which is an advantage for practical structural computations involving single crystals like in turbine blades. Fig. 9 shows a comparison between the equivalent plastic
strain ﬁeld predicted by the small- and large-strain formulations, in Orientation A at a contact length of 140 lm. Differences
can be observed but remain insigniﬁcant especially with respect to the purpose of comparison with experimental results.
The ﬁnite deformation formulation of the model also provides information about lattice rotations in the single crystal
material. The Figs. 10 and 11 show the lattice rotations for orientations A and B. At a contact length of 140 lm, Orientation
A shows a maximum rotation of 0.077 radians (i.e. about 4.5°) and Orientation B shows a maximum rotation of 0.02 radians
(about 1°). From Fig. 11, one can observe that the lattice rotation patterns are very different for the two orientations. This
indicates that the secondary orientation also affects, in a profound manner, the lattice rotation development in the specimen.
It is noted that the results discussed in Sections 5.1 and 5.2 are presented at a contact length of 140 lm, whereas the other
results are discussed at larger contact lengths. This choice was made so as to enable a comparison between the ﬁnite strainand inﬁnitesimal strain-formulations of the crystal plasticity model. The simulations using the ﬁnite deformation formulation
exhibit a breakdown of the global numerical resolution scheme at contact lengths in excess of 145 lm.

5.3. Effect of a slight misorientation of the crystal with respect to ideal orientation
It was indicated in Section 4.1.1 that the inclination of the observed slip traces could be attributed to misorientation of the
crystal. It was also hypothesised that such a misorientation could also cause a bias in the activation of slip systems. To test
this hypothesis, simulations using Mesh 1 were launched. These simulations introduced a 10° misorientation in the crystal,
introduced via a rotation about the Z-axis. Simulations with clockwise and anti-clockwise misorientation were tested. It was
found that the simulation with the 10° misorientation in the clockwise direction yielded c-maps closest to the experimentally observed slip traces. This dominant slip map is shown in Fig. 12.
The c-maps in Fig. 12 shows that the activated slip systems are no longer symmetric, but are divided by a ‘median’ at an
angle  11:5 to the axis of loading. It is also observed that the dominant slip regions strongly differ from those observed in
Fig. 6(a). The regions in which system 12 was indicated as the dominant slip system are almost completely replaced by regions with system 7 as dominant slip, which is in agreement with the slip traces observed experimentally. This proves that
any deviation from intended crystallographic axes can cause biased activation of slip systems. It is expected that the determination of the exact orientation of the crystal by means of Laue experiment can lead to even better agreement of the
numerical predictions of slip activity and the experimental observations.
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5.4. Stress ﬁelds and triaxiality
Fig. 13 presents stress maps in the specimen with the 10° misorientation (Orientation A with 10° rotation). It is observed
that the stress distribution is asymmetric, and also that the highest stress is found not at the line of contact between the
indent and the substrate, but at a distance of  260 lm from the indentation surface (Fig. 13(b)). This is typical of Hertzian
contact. The analysis of such zones could be useful in the identiﬁcation of the locations of damage initiation.
Another measure which can be used to characterise the complex nature of the stress state in a specimen is the stress triaxiality, which is deﬁned as the ratio of the mean stress to the equivalent stress. The triaxiality was computed for the substrate used in the simulations. Fig. 14 shows the absolute values of the triaxiality at the core of the specimen. It was observed
that the core of the specimen experiences substantial triaxiality in comparison with the free surface of the specimen, where
the triaxiality is almost zero. This observation is in agreement with the reported observation in a previous publication (Sabnis et al., 2012), that the stress state at the core of an NBSX specimen is signiﬁcantly different in comparison with the free
surface, thereby necessitating a thorough 3D computational analysis of any NBSX specimen being considered.
6. Conclusions
The work presented here was aimed at a numerical analysis of cylindrical indentation tests using crystal plasticity, with
the purpose of studying the applicability of crystal plasticity simulations to study sub-surface ﬁelds in NBSX materials. The
simulations were compared with experimental observations of slip lines. The predicted plastic zone sizes were found to be in
good agreement with plastic slip traces found on the surface of the specimen. The secondary orientation of the crystal was
found to have a profound impact on the individual slip system activity and the plastic zone shape. Such activity further
emphasises the necessity to study the effect of crystal plasticity on damage initiation and crack propagation in NBSX
materials.
The simulations show that the strain ﬁelds and the lattice rotation ﬁelds predicted by CPFEM strongly differ on the lateral
free surface and in the bulk. The transition zone in Orientation A (at a contact width of 140 lm) is found to be a boundary
layer close to the surface having a thickness  320 lm. An analysis of the stress states at the core and the surface of the specimen also indicated that the peak stresses are found not at the indentation surface, but about 260 lm below the indentation
surface. These observations demonstrate the importance of detailed 3D simulations of components for comparison with surface experimental observations.
Pile-up formations were reported in the indentation study discussed by Zambaldi et al. (2007) and also by Lee and Chen
(2010) in the context of strain gradient plasticity applied to micro-indentation. In contrast to these reports, only sink-in was
predicted by the numerical simulations presented here. This is related to the small hardening modulus of the considered
material at room temperature.
In this work the computational and experimental analyses were limited to the determination of slip activity including
dominant slip systems. Additional complementary experimental observations are required for more quantitative comparisons. They include roughness measurements at the indented surface to identify sink-in or pile-up situations, EBSD lattice
rotation ﬁeld measurements and strain ﬁeld measurements on the lateral free surface.
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