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a b s t r a c t
For constitutive modeling of WC hardmetals we used a full ﬁeld ﬁnite element simulations of accurately reproduced scanning electron microscope images and a simple uniform ﬁeld two-phase model.
Both models combine isotropic Drucker–Prager elastic–plastic behavior of WC grains and isotropic von
Mises elastic–plastic behavior of the binder, and include non-linear hardening. We performed simulations for representative volume elements using the generalized 2.5D formulation and demonstrated a
good agreement between the two models in terms of the effective mechanical behavior. Effective elastic properties and coeﬃcients of thermal expansion were obtained. Effective yield stresses evaluated at
0.1% of effective plastic strain were also computed for six different loading paths. Probability and joint
probability histograms obtained in FE simulations are presented. We also studied the effect of residual
thermal stresses, which appear in WC hardmetals due to cooling from sintering temperatures. Finally,
we obtained a realistic yield surface for a three-dimensional microstructure using a uniform ﬁeld model
with spherical inclusions. This surface combines a Drucker–Prager region for moderate pressures and a
von Mises region for high pressures, with a sharp transition between these two regions. Four different
WC hardmetal grades were considered. In total, nine microstructures were reproduced in ﬁnite element
models with the binder content ranging from 10% to 19%. A sensitivity study on the binder plastic properties was carried out, thus the obtained results for the yield surface are applicable to real hardmetals
with different binder materials and various binder content.
© 2016 Elsevier Ltd. All rights reserved.

1. Introduction
Cemented tungsten carbides are hard and tough tool-materials
widely used for wear applications and metal machining. Cemented
carbides consist of micro- or nano-sized tungsten carbide (WC)
grains embedded in a metal matrix (binder). The term “hardmetal”
is used in the current study to refer to this composite.
Over the past several decades the number of applications of
hardmetals increased so considerably that it became the most
prevalent tool-material today. Approximately 70% of metal cutting
tools are made from hardmetals, 20% of high-speed steels, and
10% of titanium carbide-based cermets and other advanced ceramic
materials (Fang and Koopman, 2014).
Hardmetals are widely employed for exploitation drilling on oil
and gas, geotechnical works, or mining and different construction
works, such as tunneling, road, trenching, soil stabilization, and
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others. Two major ﬁelds of application of hardmetals in mining
and construction can be distinguished: (1) drilling holes and wells
using drilling bits and (2) cutting rock, asphalt and concrete using picks. More details about application conditions for mining and
construction could be found in Kolaska (1992), Panov et al. (2004).
For hardmetals, the metallic binder content is from 3 to 30 wt%
and the WC grain size ranges between 0.01 and 20 μm . They
are fabricated from carbide and metal powders and the production process includes liquid and solid phase sintering at temperatures up to 1400 °C. An optimal hardness–toughness combination
required for highly loaded and wear applications is achieved by
combining a binder material and WC grain size, as well as by adjusting the sintering parameters.
For drilling in hard rocks (igneous rocks, e.g., basalts gabbros,
granite, granodiorites and diorites) percussive drilling is employed
and performed by creating high-impact loads on the rock surface. Typical percussive drilling bits with hardmetal inserts are
shown in Fig. 1. Drill-bit strikes the rock at a frequency of about
20 0 0–30 0 0 hits per minute and rotates at about 50–150 rpm. In
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Fig. 1. Drill-bit used for percussive drilling in hard rock, equipped with 9 WC hardmetal inserts (a); single unworn drill-bit insert (b).

percussive drilling of hard rocks, gradual wear of drill-bit hardmetal inserts leads to the loss of functional shape which decreases
drilling eﬃciency. Two modes in microstructure behavior investigation could be distinguished when developing a numerical tool
for hardmetal wear assessment: in-bulk and near-surface behaviors. The current paper focuses on the construction of an elastoplastic material model for moderate homogeneous loading conditions inherent for the material in the bulk of the drill-bit insert.
High normal and shear concentrated forces acting on the rockinsert contact surface and damage development should be considered in the investigation of the degradation of the material within
the insert’s near-surface layer. In such study the particularities of
the rough rock-insert contact should be taken into account and
a criterion for material deterioration (abrasive wear) could be established. SEM observation of drill-bit buttons after drilling show
that severely deformed and damaged zone extends to the depth
of about 10 μm (Beste et al., 2001; Olovsjö et al., 2013). Different
micro-mechanism of material deterioration are well described in
the literature (Mingard and Gee, 2007; Beste and Jacobson, 2008a;
Beste et al., 2008; Beste and Jacobson, 2008b; Olovsjö et al., 2013).
Two homogenization methods are utilized in the current study:
(i) direct two-dimensional ﬁnite-element simulation of mechanical behavior of representative volume elements (RVE) (Kanit et al.,
2003; Besson et al., 2009; Lemaitre and Desmorat, 2005) and (ii) a
uniform ﬁeld two-phase model, based on Eshelby’s solution of the
inclusion problem, extended to elasto-plasticity (Kröner, 1961; Budiansky and Wu, 1961). Utilizing the RVE concept within the ﬁniteelement (FE) simulation framework allows to obtain representative
macroscopical effective behavior and also to access the local ﬁelds
for arbitrary morphology and material behaviors, whereas the uniform ﬁeld (UF) model is constructed using an elementary inclusion
geometry (cylinder or sphere) and while predicting macroscopic
effective behavior does not allow to access local ﬁelds. It is demonstrated that uniform ﬁeld model predictions are in good agreement
with the ﬁnite-element 2D simulation results for all studied binder
content. Then the uniform ﬁeld model is used to obtain effective
elastic moduli and yield surface for three-dimensional case for different binder content. The results presented in this paper illustrate
the behavior and stress–strain distributions in WC hardmetal for
small plastic strains. Larger strains would induce plastic accommodation between the phases which is not taken into account, then
damage and fracture. The approach is deliberately limited to a very
simple model, in order to have in hand a non-linear constitutive
equation that is simple enough to be eﬃcient in FE calculations
of real components. Constitutive behaviors for individual phases of

the hardmetal components are based on the data from the literature.
In this study we aim (i) to investigate the mechanical behavior
of heterogeneous WC hardmetals and derive their effective properties from the knowledge of the constitutive laws and spatial distribution of the components, (ii) to study the statistics of stress
and plastic deformation at micro-scale level and (iii) to compare
results of ﬁnite-element and uniform ﬁeld models at the macroscale level.
The paper is organized as follows. Material behavior of each
phase and material models are presented in Section 2. Finiteelement microstructure-based models are presented in Section 3,
which also includes morphological description of the microstructure, numerical aspects of the simulation and boundary conditions. Uniform ﬁeld model constitutive equations are presented in
Section 4. The results of FE and UF simulations are presented and
discussed in Section 5. Conclusions are given in Section 6.

2. Materials
In the current section the behavior of hardmetal’s constituent
materials are discussed and the constitutive equations used for
each phase in FE simulations are presented, together with the material parameters that are taken from other studies. Due to the absence of mechanical tests on individual phases, some uncertainties are inevitable in the model; a brief sensitivity analysis is performed in Section 5.8 in order to estimate this effect.
Hardmetals are produced by means of liquid and solid phase
sintering, starting from a temperature of around 1400 °C, where
the binder phase is in liquid state. Mechanical properties of the resultant composite are strongly affected by the sintering procedure.
There are many investigations concerning the tungsten–carbon–
cobalt (W–C–Co) system as cobalt is frequently used as the binder
for hardmetals. A comprehensive review on the phase diagrams in
W–C–binder systems can be found in Fernandes and Senos (2011).
The cobalt, since it wets WC readily, exhibits a temperaturedependent solubility, which makes sintering easier and leads to
products with excellent strength and ductility. Classic metallography, X-ray diffraction analysis and thermodynamical analysis are
used to obtain an equilibrium at phase boundaries and isothermal
sections of W-C-Co phase diagram (Rautala and Norton, 1952; Pollock and Stadelmaier, 1970). Experiments show that WC is in stable
equilibrium with liquid cobalt only within a rather narrow region
of compositions.

168

D. Tkalich et al. / Mechanics of Materials 105 (2017) 166–187

2.1. Hardmetal
Within WC hardmetal composites, the binder ensures a certain
ductility whereas the tungsten carbide is responsible for high hardness and wear-resistant properties. Interfaces between the phases
also play a signiﬁcant role in determining overall hardmetal behavior and properties, especially at the extreme conditions near the
work surface. In terms of fracture toughness, cemented WC is in
general assumed to be a brittle material, and the primary failure
mode for most tool applications involves chipping or fracturing.
Cemented WC hardmetals in compression may reach 1–3% inelastic deformation, originating mainly from the plastic deformation of the ductile binder and the formation of stacking faults in
WC grains (Roebuck and Almond, 1988). Under bending and tensile loads close-to-linear stress–strain dependence up to failure is
observed, which occurs usually at strains of 0.1–0.5% (Exner and
Gurland, 1970; Jaensson, 1971; Nishimatsu, 1960).
Considerable residual thermal stresses in hardmetal composites
is another important aspect in behavior of hardmetals, which was
recognized in many studies (e.g. Felgar and Lubahn, 1957; Exner
and Gurland, 1970; Drake and Krawitz, 1981; Chermant and Osterstock, 1976; Ingelstrom and Nordberg, 1974; Lueth, 1972; Murray, 1977; Pickens and Gurland, 1978). These residual stresses appear in the composite upon cooling from sintering temperatures to
the room temperature due to the difference in thermal expansion
of WC and binder phases (Exner, 1979; Spiegler and Fischmeister,
1992). Thermal residual stresses (TRS) are high and omnipresent in
hardmetals (Krawitz and Drake, 2014). The mean residual stresses
can be measured by several techniques (Krawitz, 2001; Reimers
et al., 2008; Kisi et al., 2008; Hutchings et al., 2005), but the
local speciﬁcities and the stress ranges can only be obtained by
means of numerical simulations with realistic physical models for
solidiﬁcation taking into account metallurgical and mechanical aspects. The effect of the TRS in WC hardmetal’s performance is not
yet fully understood, but it is of great interest since their level
is high (Krawitz and Drake, 2014). This issue will be discussed in
Section 5.7. Residual stresses of other origin, e.g. surface grinding
(French, 1969), are also of importance, but they are concentrated in
the near-surface layer of the hardmetal and will not be discussed
in this paper.
Fracture mechanisms in WC hardmetals are controversial: even
the determination of the predominant ones is still under debate.
They strongly depend on the binder, the composite morphology,
the loading type and the grain size (Shatov et al., 2014; Almond,
1983; Chermant and Osterstock, 1976; Fischmeister, 1983; Hong
and Gurland, 1983; Sigl and Exner, 1987; Slazar et al., 1986). When
hardmetal is formed by micron-sized WC grains, then the ductile
tearing and crack bridging in binder is the primary failure mechanism. Study of crack growth in WC hardmetal shows that 90% of
the energy consumed during fracture is attributed to the plastic
deformation of the metallic binder phase (Sigl et al., 1984). But, to
the best of our knowledge, crack propagation near the WC grain–
binder interface has not been studied in detail and it remains unclear whether the crack propagates in the binder near the interface or indeed separates binder and WC grain. In the nano-grained
WC hardmetal the main deformation mechanism might not be the
same. Due to the nanoscale thickness of the binder ﬁlm, dislocations cannot extend suﬃciently and the major deformation mechanisms change into slip along WC grain–grain interfaces and other
nano-speciﬁc non-dislocation deformation (Song et al., 2013; Lay
and Missiaen, 2014).
2.2. Tungsten carbide
Tungsten carbide (WC) has a hexagonal (HCP) unit cell with
a c/a value of 0.976, and a lattice parameter a of 2.906 Å with

Table 1
Material properties for WC and binder.
Carbide grains, WC
Elastic constants of transversely isotropic WC

Homogenized isotropic Young’s modulus
Homogenized isotropic Poisson’s ratio
Initial yield stress in uniaxial compression in Eq. (2)
Friction angle in Eq. (2)
Dilatation angle in Eq. (4)
Hardening constants in Eq. (3)

C11
C12
C13
C33
C44
EWC

ν WC
RWC0

φ WC
ψ WC
QWC
bWC

α WC

Homogenized coeﬃcient of thermal expansion

720 GPa
254 GPa
150 GPa
972 GPa
328 GPa
707.7 GPa
0.197
4 GPa
45°
30°
3 GPa
10
5.2 · 10−6 K −1

Binder, Cobalt
Young’s modulus
Poisson’s ratio
Initial yield stress in Eq. (6)
Hardening constants in Eq. (6)

EB

Coeﬃcient of thermal expansion

αB

νB
RB0
QB
bB

208 GPa
0.3
560 MPa
607 MPa
140
13.0 · 10−6 K −1

tungsten and carbon atoms lying at (0, 0, 0) and at (1/3, 2/3, 1/2)
positions, respectively. Consequently, WC crystals exhibit a transversely isotropic elastic behavior (French, 1969; Exner, 1979; Lee
and Gilmore, 1982) deﬁned by ﬁve elastic constants. The elasticity
tensor of WC crystals in Voigt notation takes the following form in
a reference-frame where c is the third axis:

⎛

C

∼ WC

C11
⎜ ·
⎜ ·
=⎜
⎜ ·
⎝
·
·

C12
C11
·
·
·
·

C13
C13
C33
·
·
·

0
0
0
C44
·
·

0
0
0
0
C44
·

⎞

0
0
⎟
⎟
0
⎟
⎟
0
⎠
0
C
−
C
/
2
( 11
12 )

(1)

where ’· ’ stands for symmetrical components. The components of
this tensor measured in Lee and Gilmore (1982) and reﬁned in
Golovchan and Litoshenko (2010) are listed in Table 1. In order to
obtain an isotropic elastic constants for tungsten carbide, we constructed a model consisting of 20 0 0 randomly oriented grains and
used in a self-consistent homogenization framework with transversely isotropic elastic response of the grains, assuming a perfect disorder in the material Kröner (1977). The isotropic values
obtained by this approach are EWC = 707.7 GPa and νWC = 0.197,
they are used in the following study, in which WC grains are assumed to be isotropic.
Even though the hexagonal WC is generally considered to behave as a brittle material, slip markings are observed in WC grains
in deformed hardmetals (Takahashi and Freise, 1965; Hibbs and
Sinclair, 1981; Sarin and Johannesson, 1975). A signiﬁcant difference of WC material strength in compression and in tension
leads to the choice of a pressure-dependent yield criterion. In the
present study, a Drucker–Prager yield surface is deﬁned as follows:

fWC (σ , p) =

J2 (σ ) + I1 (σ ) tan(φWC )/3
− RWC0 − YWC ( p),
1 − tan(φWC )/3

where J2 (σ ) =



3
2s

(2)

: s is the von Mises stress, s is the deviatoric

part of the stress tensor σ , I1 (σ ) = tr(σ ) is the trace of the stress
tensor, then the hydrostatic pressure is given by P = − 31 I1 (σ ) and
RWC0 is the initial yield stress for a compression loading and φ WC
is the friction angle. A time independent framework is used, with
an isotropic hardening deﬁned as a function of the accumulated
plastic strain p:

YWC ( p) = QWC [1 − exp(−bWC p)],

with
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p=

2 p
ε˙ : ε˙ p dt
3

(3)

0

where the plastic strain ε p is deﬁned from the total and elastic
p
strain tensors εtot and εe by ε p = εtot − εe , and ε˙ denotes its rate.
A non-associated ﬂow rule is introduced, the ﬂow potential having
the following form:

gWC (σ ) = J2 (σ ) +

1
I1 (σ ) tan(ψWC )
3

(4)

where ψ WC is the dilation angle, which is set to 30°. The plastic
strain tensor is then calculated, introducing the plastic multiplier λ˙
to express the constraint, as follows:

ε˙ p = λ˙

∂ gWC
∂σ

(5)

The choice of material parameter values for the plastic behavior is based on information from the literature which shows a considerable scatter, attributed to difference in grain size and orientation (Schedler, 1988; Shatov et al., 2014; Prakash, 2014). Initial
yield stress in tension and compression is chosen as an average of
those reported in the literature for grain sizes between 5 and 2
μm: 2.0 GPa and 4.0 GPa, respectively. Hardening constants QWC
and bWC are chosen to be 3.0 GPa and 10.0, respectively. The postyield behavior of WC grains in tension must signiﬁcantly differ
from that in compression, nevertheless, respecting this point is not
crucial for determining the initial yield surface. Also, large plastic
deformation is not expected to occur within WC grains, far from
the outer work surface, where high irreversible deformation and
fracture can arise due to stress concentrations originating from the
contact with local rock roughness. A signiﬁcant difference in plastic
behavior was found for the basal and prismatic planes, as shown
in an experimental study by Csanádi et al. (2014), where uniaxial
compression tests on WC micropillars were performed. Such difference in work-hardening behavior (signiﬁcantly higher hardening
capacity observed for basal planes in comparison to the prismatic
direction) can be attributed to the different slip mechanisms.
The coeﬃcients of thermal expansion for WC crystals behavior along basal and prismatic planes (Krawitz et al., 1989) at room
temperature are given in Table 1, as well as the average isotropic
value used in simulations of thermal contraction.
2.3. Binder
Pools of binder material (black zones in Fig. 2) have complex shapes making a foam-like network through the bulk of
WC hardmetal. The observations demonstrate that the same crystallographic structure of the binder extends on long distances
within the WC hardmetal’s bulk. Apparently independent on a
two-dimensional section, zones of binder are most likely interconnected. These regions with the same crystallographic structure are sometimes regarded as binder “grains” (Weidow and Andrén, 2010). The linear dimension of such “grains” is typically two
orders of magnitude greater than the linear dimension of WC
grains (Sarin and Johannesson, 1975; Weidow et al., 2009; Mingard et al., 2011). Regardless the big dimension of similarly oriented binder channels, the local geometry of these channels form
thin connections conﬁned between carbide grains. The width of
binder channels between WC grains vary and strengthening of the
binder material results from the Hall–Petch-like effect (Hall, 1951;
Petch, 1953), due to the reduced number of possibly active slip
systems and the small mean free paths in certain direction. For
an estimated average of 0.15 μm binder channel width the initial
yield stress and work-hardening parameters are estimated using
the Lee–Gurland model (Gurland, 1979; Lee and Gurland, 1978):
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RB0 = 561 MPa and QB = 607 MPa. The material parameters are
listed in Table 1.
The binder phase is often cobalt-based but can also be iron
(usually for woodworking applications), nickel (usually for applications requiring acidic corrosion resistance) or iron–cobalt–
nickel alloys with a different amount of each constituent (see, e.g.,
Prakash, 1979; Sailer et al., 2001). The plastic binder in the composite attenuates the brittleness of the hardmetal and increases
toughness. In operation, the plastic deformation in cobalt binder
may reach 5–30%, depending on the synthesis method (Belteridge,
1982; Morral and Safranek, 1974), and can even rise up to 50% for
nickel binder.
In the current study, it is assumed that an isotropic elastoplastic model with a von Mises criterion and isotropic hardening
can properly describe the behavior of the binder. The yield surface
is deﬁned as:

fB (σ , p) = J2 (σ ) − RB0 − YB ( p),
YB ( p) = QB [1 − exp(−bB p)].

with
(6)

Note that in the current study the same binder behavior and
material parameters are used for all considered hardmetals regardless the actual chemical composition of certain grade binder
(see Table 2). Nevertheless, for all binder types, the binder is
softer and more ductile than WC grains, so that in general the behavior of the composite is well described qualitatively. Hence, here
we focus more on the effect of the binder–grain morphology and
on qualitatively different elasto-plastic mechanical behavior, rather
than on the effect of a particular choice for the binder material.
The value of the coeﬃcient of thermal expansion is αB = 13 ·
10−6 K −1 (Belteridge, 1982), which is signiﬁcantly higher than that
for the WC. This difference results in high thermal residual stresses
arising in the composite due to cooling from high sintering temperature.
2.4. Interfaces
Two types of interfaces are distinguished within the WC hardmetal microstructure: (1) WC grain–Binder, (2) WC grain–WC
grain. Wetting of WC grains by liquid metallic binder determines
the strength of the inter-phase interface and the cohesion of the
resulting hardmetal. It was experimentally found that wetting of
WC grains by molten metal is almost complete, just for some
binders higher accuracy is needed to control the carbon content in
the solution to avoid the formation of complex carbides (Ramqvist,
1965; Almond and Roebuck, 1988; Gille et al., 20 0 0; Pastor, 1999).
Here, WC grain–binder interfaces are not treated in any special
way. It is assumed that binder material is responsible for the
strength of this type of interface.
Second type of interface is the WC grain–WC grain interface.
Its superior strength is achieved when the low-energy contact is
formed between neighboring grains during the sintering, which
was found for speciﬁc misorientations (Song et al., 2013). Atom
probe ﬁeld ion microscopy analysis through WC–WC interfaces
showed that they contain approximately half a monolayer of Co,
strictly localized to the boundary plane, and the same result was
obtained using analytical electron microscopy (Henjered et al.,
1986; Andrén, 2001). In this study, it is assumed that WC grain–
WC grain interfaces are perfect, i.e. are not weakened by defects or
impurities.
3. Finite-element model
3.1. Effective properties
The effective (average) mechanical properties of random composites may be estimated using numerous models, which estab-
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Fig. 2. SEM images of four different materials considered in this work and listed in Table 2: H1 (a), H2 (b), H3 (c), H4 (d). Light grey faceted zones correspond to WC grains
and black zones correspond to the metallic binder.
Table 2
Characteristics of investigated hardmetal grades.
Name

Binder1
(vol%)

Bindera
(wt%)

Binder compositiona
(wt%)

WC grain sizes
characteristica [μm]

H1
H2
H3
H4

9.71
9.71
9.86
9.53

6.0
6.0
6.0
5.7

Co 100%
Co 100%
Ni 85%, Fe 15%
Ni 39.4%, Fe 39.4%,
Co 19.7%, Mo 1.5%

D10=2.67,
D10=1.56,
D10=1.56,
D10=1.56,

a
b

−1

fVi · Pi
i

;

D90=5.22
D90=6.58
D90=6.58
D90=6.58

14.98
14.97
15.00
14.92

Phase information prior sintering.
Of sintered WC hardmetal.

lish lower and upper bounds on elastic constants of the composite. The most widely-used ones for two-phase composites are: (a)
Voigt and Reuss bounds, which take into account only the volume
fraction of the constituent phases (Voigt, 2014; Reuss, 1929); and
(b) Hashin–Shtrikman bounds which incorporate also the notion
of an anisotropy of the phase distribution (Hashin and Shtrikman,
1962). Voigt’s direct model and Reuss’ inverse model rules of mixtures provide respectively the upper-(P̄+ ) and the lower-bound (P̄− )
for macroscopic properties P̄ of a composite material as follows:

P̄+ =

D50=3.70,
D50=3.52,
D50=3.52,
D50=3.52,

Overall material
densityb [g/cm3 ]

P̄− =
i

fVi
Pi

(7)

where Pi and fVi are the property of the interest (bulk and shear
moduli) and the volume fraction of each phase, respectively. The
linear mixture rule is based on the assumption of a uniform strain
in the whole body, that often fails in composite materials and
provides only a crude estimation of the macroscopic properties
(Werner et al., 1994). Hashin–Shtrikman’s bounds are obtained for
a two-phase composite by assuming local and global isotropy, and
the weak material embedded in the hard one or the inverse situation to get lower or upper bounds.
The self-consistent method (Hill, 1965b; Berryman, 1980;
Kröner, 1981; Jeulin and Ostoja-Starzewski, 2001) proposes an estimation of the behavior that exactly corresponds to a perfect disorder in the material, that is a microstructure without any speciﬁc
spatial correlation for the phases. Other theories are available, like
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differential effective medium approach (Berryman, 1992; Mavko
et al., 1998) and non-linear generalization of Hashin–Shtrikman
bonds (Sadowski, 2005). All approaches are summarized in Besson
et al. (2009), Nemat-Nasser et al. (1993).
The effective physical properties may also be estimated by
means of direct numerical simulations with explicit microstructure
geometries (Cailletaud et al., 2003). The approach is based on the
concept of representative volume element (RVE), whose effective
behavior tends to the behavior of an inﬁnite sample as the RVE
size increases (see Kanit et al., 2003; Besson et al., 2009). The accuracy of the model depends on the type of composite (regular,
periodic, random), on boundary conditions (periodic, static or kinematic), on the number of realizations and on the size of the simulated domain. Both elastic and nonlinear macroscopic properties
could be obtained with this approach often providing satisfactory
results (Jaensson and Sundström, 1972; Chawla et al., 2002; Xu and
Ågren, 2004).
Homogenization method, based on a direct simulation of the
mechanical behavior of an RVE, allows to incorporate many geometrical and mechanical features in the model (Kanit et al., 2003;
Besson et al., 2009; Lemaitre and Desmorat, 2005): such as material nonlinearities, complex interfaces and also possible local cracking or growth and coalescence of ductile pores (Koplik and Needleman, 1988; Tvergaard, 1990; Benzerga et al., 1999). The RVE is
a geometrical model of a heterogeneous material, which is constructed based on a representative sample of its structure. The
choice of its size is bound by two conditions: (i) it must be large
enough to include a suﬃcient number of heterogeneities to be statistically representative and (ii) it must be small enough to keep
the associated numerical simulation feasible. The constructed RVE
ﬁnite-element model is subjected to boundary conditions to compute an effective (averaged) response of the model and also to
extract relevant information on the local deformed state of individual components, which enables to perform accurate statistical
analyses (Kanit et al., 2003; El Houdaigui et al., 2007). A detailed
description of the method and related discussions can be found
in (Besson et al., 2009; Sanchez-Palencia and Zaoui, 1987; NematNasser et al., 1993; Suquet, 1997; Castañeda, 1991; Bornert et al.,
20 01a; 20 01b; Jeulin and Ostoja-Starzewski, 2001).
3.2. Representative volume element
Creating an RVE model for WC hardmetal microstructure is
technically challenging. Simple material analysis techniques do not
allow to obtain volumetric structures and the related studies are
often limited to the analysis of material sections. Regardless the
existence of transition rules from two to three-dimensional characteristics (Jeulin, 2013), obtaining three-dimensional models from
two-dimensional experimental data presents considerable diﬃculties. Numerous techniques exist for creation of artiﬁcial volumetric models of material microstructures. The most widely employed
introduce a Voronoi tessellation (Rycroft, 2008; Quey et al., 2011;
Barbe et al., 20 01a; 20 01b) and the creation of polygons based
on the Poisson point process (Kingman, 1992). These techniques
are well-suited for microstructures of metals which possess singletype interfaces structures. As was discussed above, WC hardmetal
is a composite with two types of interfaces at micro-level: “WC
grain–WC grain” and “WC grain–Binder”. Reproducing such a structure is a challenge in both two- and three-dimensional spaces. A
Random Sequential Addition technique (Tarjus et al., 1991) could
be a possible solution for generation of a suitable bi-phase structure, but this technique does not enable to ensure realistically low
binder fractions.
Four different WC hardmetal grades are used in this study. Their
characteristics are listed in Table 2. WC grain size distribution in
Table 2 is given in terms of x-axis values on the size distribu-
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tion plot, where D10% gives the diameter such that only 10% of
grains have a smaller diameter. Similarly for D50 and D90 characteristics. The grades differ in composition and processing, then
in morphology and ﬁnally in mechanical characteristics. Grades H1
and H2 differ only in granulometry, the former has a more narrow
distribution. The other grades have different binder but approximately the same granulometry as H2 grade. In order to obtain images of microstructures, WC inserts were cut, grinded and polished
in several steps according to Struers’ method (Struers, 2016), then
etched in Murakami solution for 15 s at 80 °C. Etching allows to
make the morphology more pronounced. SEM images were taken
using 20 kV accelerating voltage and 80–100 nA probe current.
Examples of backscatter electron (BSE) images used for creation
of ﬁnite-element (FE) models are shown in Fig. 2 for each investigated grade. Light grey faceted zones correspond to WC grains,
whereas black zones identify the metallic binder.
The shape of WC grains and their interconnections are the main
morphological aspects which may inﬂuence the mechanical behavior of the composite. The high volume fraction of WC (80–95%)
imposes rather stiff constraints on the shape of WC grains and
on the morphology of the binder. The shape of WC grains within
hardmetal bulk forms from tungsten carbide powder during sintering. The ﬁnal WC grain shapes, size distribution and binder
phase structure depend on the sintering time, the amount of liquid
binder phase, and on carbon and tungsten contents (Borgh et al.,
2013; Kim et al., 2008; Lay et al., 2008; Chabretou et al., 2003;
Marshall and Giraudel, 2015). When unconﬁned, WC grains take
shape of a faceted triangular prism with truncated corners (delimited by basal and prismatic facets) (Exner, 1979), but within the
sintered hardmetal, bulk WC grains are better described as faceted
spheres or Voronoi polygons, as shown in a recent study on 3D
shapes of WC grains (Borgh et al., 2013). During sintering, WC
grains grow and their shapes get determined by the anisotropy in
WC-binder interface energy (Herring, 1951).
Another important characteristic of WC hardmetal is the presence of two types of interfaces. Results of section morphological
analysis presented in Table 3 show that a signiﬁcant amount (in
average 40%) of the grain perimeter presents interfaces between
neighboring WC grains, meanwhile the rest of the grain perimeter is bounded by the binder material. Connected WC grains form
a “skeleton”, whose actual connectivity is still a matter of debate
(Warren and Waldron, 1972; Nelson and Milner, 1972; Gurland and
Norton, 1952; Andrén, 2001; Lay and Missiaen, 2014). A thin layer
of binder material, too small to be recognized in SEM images, can
sometimes be found between two adjacent grains (Beste and Jacobson, 2008a; Beste et al., 2008; Beste and Jacobson, 2008b), in
most cases such interfaces appear as a discontinuous monolayer of
the binder material. So, WC grains form a skeleton, in which binder
is present as grain boundary segregation.
3.3. Model creation
In order to obtain precise stress distributions, the geometrical
models of studied hardmetals are created based on 2D SEM images
shown in Fig. 2. The geometry of grains was manually outlined using the pre-processing module of Abaqus/CAE software. Similar 2D
model creation approach could be found, for instance, in Sadowski
and Nowicki (2008). The resulting two-dimensional sketches were
used to create nine geometrical models with dimensions 19.5 ×
19.5μm2 . The representativity of the models will be assessed in
Section 5.2. The procedure of model construction is then illustrated in Fig. 3. The morphological characteristics of each model
are given in Table 3. It is known that the morphological characteristics at macroscopic scale (cm) may vary from the surface to
the bulk within WC hardmetal inserts (Murray et al., 2005; Zhang
et al., 2010). That is the case for functionally graded materials, but
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Table 3
Morphological characteristics of nine geometrical models 19.5 × 19.5 μm2 created using SEM
images.
Grade
name

Section
ID

Number
of grains

Binder
(area %)

Mean WC grain
section area [μm2 ]

% of WC boundaries
shared with other WC

H1

1
2
3
1
2
1
2
1
2

408
339
350
380
366
421
405
492
460

13.0
12.8
14.0
11.4
10.0
19.0
17.7
14.0
14.2

0.80
0.97
0.93
0.88
0.93
0.73
0.77
0.66
0.70

38.0
40.3
37.7
41.5
45.5
30.8
29.5
37.0
36.0

H2
H3
H4

Fig. 3. Schematic illustration of the creation process of a representative volume element: (a) SEM images, (b) outlined geometry with preserved straight interface boundaries,
(c) ﬁnite element mesh.

also for conventional grades, due to boundary effects. The zones
far from insert’s outer work surface were chosen when recording
SEM images of grades’ microstructures. The binder content and WC
grain size distribution vary considerably from zone to zone even
within a single grade. Among all recorded images, only those were
chosen for RVE models, which respects the average composition.
A careful manual model creation procedure ensures preserving
a correct phase fraction and the morphological structure within
the chosen zone. Some problems were encountered in determining
whether the zone between neighboring WC grains is a thin binder
channel or a pure grain–grain boundary. It were helpful to use images of the zone obtained using both electron backscatter diffraction and secondary-electron modes.
We targeted to preserve straight boundaries of grains. Having
an accurate representation of straight interfaces is critical for the
accuracy of the stress ﬁeld near the interface and hence is critical
for the accurate simulation of plastic deformations (Barbe et al.,
20 01a; 20 01b). Inevitable strain singularities at angles, which are
inherent to the considered microstructure, lead to high concentration of plastic strain and affect the onset of plasticity both on the
microscopic and macroscopic scales.
3.4. Finite-Element simulation details
In the current study, we use computational homogenization
technique employing linear and non-linear FE analysis in Z-set
software (Z-set, 2016; Besson and Foerch, 1997). Quasi-static simulations and small deformation formulation are used. Linear quadrilateral ﬁnite elements with selective integration are used to avoid
strong variation of hydrostatic pressure inside elements.
A generalized plane strain element formulation (or 2.5D) is
used for all the calculations. The constitutive equations take then

their three-dimensional expression. Six global degrees of freedom
are added to the 2D mesh, in order to control the overall rotations and possible translations of the whole face. In the simulations, the rotational degrees of freedom and the in-plane translations are set to zero. Only the out-of-plane translation (z direction) remains free. This formulation allows the out-of-plane normal
strain to be uniform, meanwhile the resulting force in z direction
will remain equal to zero, that provides a state of plane stress for
the macroscopic RVE, but allows the local variation of out-of-plane
stresses.
Regarding the in-plane boundary conditions, a combination of
kinematic (Dirichlet) uniform boundary conditions (KUBC) and
static (Neumann) uniform boundary conditions (SUBC) are used
to investigate the behavior of the hardmetal RVE. The following
boundary conditions are used: (i) in all loadings normal displacements are ﬁxed on the surface y = 0: uy = 0 and on the surface x =
0: ux = 0; (ii) normal displacements ux or/and uy are prescribed at
boundaries x = L and y = L, respectively, where L is the size of the
RVE. Prescribed displacements result in effective (average) strains
(Eii ) and trivial Neumann boundary conditions result in effective
strains ( j j = 0). When RVE boundary is free of displacement constraints (uniaxial compression or uniaxial tension cases) no traction is imposed on the free boundary but a multipoint constraint
is applied keeping this side straight. Thermal expansion properties
are assumed isotropic (see Table 1). Six different loadings are used:
(1)
(2)
(3)
(4)
(5)
(6)

equibiaxial compression: Exx = Eyy < 0;
unsymmetric biaxial compression: Exx = 2Eyy < 0;
compression along x: Exx < 0, yy = 0;
pure shear strain: Exx < 0, Eyy = −Exx ;
tension along x: Exx > 0, yy = 0;
equibiaxial tension: Exx = Eyy > 0.
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4. Uniform ﬁeld model
The uniform ﬁeld (UF) model used to obtain effective non-linear
behavior of the two-phase medium is discussed in this section.
In contrast with ﬁnite-element homogenization approach, which
is based on models closely resembling real composite morphology,
uniform ﬁeld homogenization approach simply estimates the averaged response of a given phase, seen as a single inclusion, by
collecting its occurrences in the composite. As a consequence, this
inclusion is surrounded by the homogeneous equivalent medium.
Shape of the inclusion is chosen according to a global anisotropy
of the real composite, where, for instance, spherically and cylindrically shaped inclusions are used for a macroscopically isotropic
and transversely isotropic composites, respectively. Obtaining compatible and balanced stresses and strains in both the inclusion and
the surrounding medium would be the solution of such inclusion
problem, which was done by Eshelby (1957). Such inclusion problem is solved for each composite’s phase obtaining a set of equations deﬁning stress and strain in each phase together with the
macroscopic response.
The starting point is the approach proposed by Kröner
(1961) and Budiansky and Wu (1961). For a two-phase materials,
with a distinct elastic behavior in each phase, the model can be
summarized by:

σ i =  + C : (S−1 − ∼I ) : (E − εi ),
∼

(8)

∼

where σ i , i = 1,2 are the uniform stress tensors in each phase, and
εi , i = 1,2 are the uniform strain tensors in each phase. The tensors
 and E are respectively the average stress and strain tensors. The
expression of the model derives from Eshelby’s solution. The fourth
order tensor S is the Eshelby tensor, that depends on the shape of

phases (Cailletaud and Pilvin, 1994) and for non-uniform elasticity (Cailletaud and Coudon, 2016). In this case, the non linearity is
introduced by means of a new accommodation variable β with a
non linear evolution. The corresponding equation, expressed without thermal strain for the sake of simplicity, writes:



σi = A
:  + C : (β − β i ) ,
∼

The variables βi represent the accommodation tensor in each
phase, and β is the corresponding macroscopic value. The following evolution rules are introduced:

β˙ i = ε˙ ip − Dβi ||ε˙ ip ||


−1 

β= A :C
: A : C : βi
∼i

εi = C−1 : σ i + εip + εth
i ,

E = C−1 :  + E p + E th ,
∼

Ep

(9)

∼i

Eth

∼cyl

S

∼cyl

∼

where C = C : ( I − S ) and the fourth order tensor A depends on
∼

∼

∼

∼i

∼

the local and the macroscopic elastic tensors, and on Eshelby’s tensor. It introduces a correction due to the non-uniform elasticity:



A = C:S:C
∼i

∼

∼

∼

−1

+C :C
∼

−1

∼i

−1

S12
S11
0
0
0
0

S13
S13
0
0
0
0

0
0
0
1/4
0
0

⎞

0
0
0
0
1/4
0

0
0⎟
0⎟
⎟,
0⎟
⎠
0
S66

∼sph



S

order tensors of the elastic moduli of each phase. Substituting Eq.
(9) into Eq. (8) allows to obtain the expression of the stress in each
phase:
i

S11
⎜S12
⎜0
=⎜
⎜0
⎝
0
0

(15)

∼

1
2

(10)

⎛

corresponds to the out-of-plane axis. For the 3D case, the Eshelby’s
tensor for the spherical inclusion ( S ) is used:

∼sph



σi = A
:  + C : (E p + E th − εip − εth
) ,
i
∼

(14)

∼

where S11 = (5C11 + C12 )/8C11 , S12 = (3C12 − C11 )/8C11 , S13 =
C13 /2C11 , S66 = (3C11 − C12 )/8C11 , and where Cij are the components of the effective elasticity tensor C, the third component

where
and
are the macroscopic plastic and thermal strain
p
tensors, respectively, εi and εth
are the uniform plastic and theri
mal strain tensors of phase “i”, respectively, and C are the fourth
∼i

∼i

∼

Since the purpose of the present paper is limited to the initial
yield and very ﬁrst stages of elasto-plastic deformations, the simulations will be performed with the original version of the Kröner’s
model. The Eshelby tensors is chosen according to the morphology
of the material. For the 2D case, the inclusion is cylindrical, so that
( S ) to be used is:

∼

elastic tensor.
This approach was extended to the elasto-plastic case, by considering the strain partition global one and in each phase, namely:

(13)

The parameter D is used to control the non linearity of the
stress redistribution. It should be calibrated by ﬁnite element calculations (Cailletaud and Coudon, 2016). The value of β is deduced
from the βi by using the fact that the average of the local stresses
is nothing but the macroscopic stress:

∼

∼

(12)

∼

i

the inclusion and on the properties of the homogenized medium, I

is the fourth-order symmetric unit tensor and C is the macroscopic
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1
=
( 5ν − 1 )I  I + 2 ( 4 − 5ν ) I ,
∼
15(1 − ν )

(16)

where I  I ∼ δi δkl is the second-rank identity tensor, and I ∼
j



δik δ lj + δil δ kj



∼

is the symmetric part of the fourth-rank identity

tensor. The iterative scheme for obtaining the effective elasticity
tensor is as follows:



∼k



fi C : I + S : C−1 : C − I

C =
i=WC,B

∼i

∼

∼

∼ k−1

∼i

∼

−1

,

(17)

where fi is the volume fraction of “i”th phase, k is the iteration
step number and the initial guess of the effective elasticity tensor
C for our two-phase composite is:
∼0

.

(11)

The main feature of the model is the correction due to the plastic and thermal strains. The corrective term for plastic strain is
known to be much too big for large plastic strains (Berveiller and
Zaoui, 1979). The intergranular stresses estimated by the model are
then too large as well. An alternative solution is then proposed by
Hill’s self-consistent model (Hill, 1965a), which reformulates the
equations in a rate form, and introduces tangent operators instead
of elastic ones. The non-linearity of the operators ensures a plastic accommodation instead of an elastic accommodation and generates reasonable residual stress levels. A third solution has recently been proposed for the case of a uniform elasticity in various

C = f 1 C + ( 1 − f 1 )C .
∼0

∼1

(18)

∼2

The elasticity tensors C and C are those of the binder and the
∼1

∼2

WC materials. They are isotropic and constructed using the parameters EWC , ν WC , EB and ν B from Table 1. The constitutive equations for the plastic behavior of both phases were presented in
Section 2.2 and Section 2.3 with material parameters as given in
Table 1.
The UF model constructed for a cylindrical inclusion Eq. (15),
is compared with 2D FE simulations in Section 5. In additions,
Section 5.9 shows the construction of the yield surface for 3D
model with the uniform ﬁeld model, using Eshelby’s tensor for the
spherical inclusion Eq. (16).
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Fig. 4. Mesh sensitivity check for shear test. Histogram of von Mises stress (a) and pressure (b) are presented for three different mean element sizes: 0.1, 0.05 and 0.025 μm,
stress distributions in WC and Binder phases are shown separately.

5. Results

5.2. Elastic moduli

Results presented below are those obtained with 2D FE model
and UF model, constructed for a cylindrical inclusion problem.
Therefore, the effective elasticity tensor is transversely isotropic
and the yield surface are shown only in σ 1 –σ 2 2D principal stress
space. Results obtained with UF model, constructed for a spherical inclusion problem, and thus exhibiting isotropic behavior, are
presented in Section 5.9.

A series of FE simulations is conducted employing isotropic
elasticity for WC and binder materials in order to determine the
effective elasticity tensors for the considered WC hardmetal models. Material parameters for each phase are given in Table 1. Generalized plane strain element formulation is used with compressive
and shear KUBC.
Compliance tensor components (Sij ) are determined by solving
the system of linear equations given by the following relation between effective stresses  ij and strains Eij (Voigt notation is used,
zero lines are omitted):

5.1. RVE Size and mesh sensitivity
The question of suﬃciency of the size of the RVE is governed
by Hill-Mandel’s lemma (see e.g. (Besson et al., 2009)). A formal
criterion of the suﬃciency of the RVE size is based on inequality obtained in Huet (1990) demonstrating that the true effective
tensor of elastic moduli C is bounded by elastic tensor obtained
∼

numerically with SUBC and KUBC boundary conditions:

C
∼

SUBC

≤C≤C
∼

KUBC

⎛

μm2

For the chosen RVE of 19.5 × 19.5
the difference in Young’s
modulus obtained with SUBC and KUBC is smaller than 0.2%. The
second criterion is that Young’s modulus in x and y direction coincide with accuracy <1%, which suggest that the isotropy is preserved. The third criterion is that our FEM predictions coincide
with elastic moduli yielded by the UF model with accuracy of
≈ 1%. These three criteria ensure that the size of RVE was chosen
suﬃciently big to provide us with accurate results both in elastic
and in the onset of elasto-plastic regimes.
Mesh sensitivity was checked by obtaining stress distributions
for three different meshes with mean element sizes: 0.1, 0.05
and 0.025μm. Distribution histograms of the von Mises stress and
pressure for three different mesh sizes are shown in Fig. 4. The
stress state corresponds to a non-linear regime in which plasticity is present in both phases, and maximal shear strain applied
εxy = 0.12%. No signiﬁcant inﬂuence of the mesh size on the stress
distribution is found. Element size of 0.1μm is used in the following simulations.

⎛

S12
S11
·
·

⎞⎛

⎞

0
xx
0 ⎟⎜yy ⎟
,
0 ⎠⎝ zz ⎠
S66
xy

S13
S23
S33
·

(19)

where, for V being the total volume of the RVE model:

Ei j =

∼

⎞

Exx
S11
⎜Eyy ⎟ ⎜ ·
⎝E ⎠ = ⎝ ·
zz
Exy
·
1
V

εi j dV, i j =
V

1
V

σi j dV

(20)

V

and ε ij and σ ij are the components of strain and stress tensors, respectively. Effective elastic moduli determined with uniform ﬁeld
model (UF) using Eq. (17) and with 2D ﬁnite-element simulations
(FE) using Eq. (19) are given in Table 4 for all considered RVEs.
In Fig. 5(a) in-plane normalized effective Young’s moduli determined from FE simulations for each model together with Hashin–
Shtrikman bounds are depicted. Experimental investigations (Doi
et al., 1970; Okamoto et al., 2005; Koopman et al., 2002) reported
that the elastic moduli depend solely on the volume fraction of the
carbide crystals for the WC-(1–30)wt% Co composites. They neither
depend on the mean linear intercept of WC grains nor do they
change with the carbon content (even when the binder phase is
non-uniformly distributed). Result of the current numerical simulations (see Fig. 5(a)) show approximately linear dependence of
the effective Young’s modulus on the binder content. Experimental
measurements of the Young’s modulus of hardmetal, as reported,
for instance, in Doi et al. (1970), Koopman et al. (2002) show also
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Table 4
Effective Young’s moduli and Poisson’s ratios for each microstructure obtained using FE
and UF models, and the relative error. Subscript “p” stands for in-plane and “z” stands
for out-of-plane properties. Results are sorted by binder content.
Binder
[area %]

Model

10.0
11.4
12.8
13.0
14.0
14.0
14.2
17.7
19.0

H2-2
H2-1
H1-2
H1-1
H1-3
H4-1
H4-2
H3-2
H3-1

Binder
[area %]

Model

10.0
11.4
12.8
13.0
14.0
14.0
14.2
17.7
19.0

H2-2
H2-1
H1-2
H1-1
H1-3
H4-1
H4-2
H3-2
H3-1

Ep
[GPa]

Ez
[GPa]

FE

UF

618.9
607.3
596.3
592.4
586.2
586.6
585.2
558.6
547.5

622.3
611.0
599.9
598.4
590.6
590.6
589.0
562.6
553.1

[%]
0.55
0.61
0.60
1.01
0.75
0.68
0.65
0.72
1.02

FE

UF

657.5
650.4
643.8
641.7
637.9
638.0
636.8
619.5
612.1

658.2
651.2
644.3
643.3
638.3
638.3
637.3
619.9
613.5

ν pp
FE

UF
0.219
0.221
0.225
0.226
0.228
0.227
0.227
0.234
0.238

0.220
0.223
0.226
0.226
0.229
0.229
0.229
0.236
0.239

[%]
0.12
0.12
0.08
0.25
0.06
0.05
0.08
0.07
0.23

ν zp
[%]

FE

0.46
0.91
0.45
0.08
0.44
0.88
0.88
0.86
0.42

UF
0.199
0.199
0.199
0.199
0.199
0.200
0.200
0.201
0.201

[%]

0.199
0.199
0.199
0.199
0.199
0.199
0.200
0.201
0.201

0.03
0.01
0.01
0.01
0.02
0.02
0.02
0.01
0.01

Table 5
Effective coeﬃcients of thermal expansion for each microstructure obtained using FE and UF models, and the relative error. Subscript “p”
stands for in-plane and “z” stands for out-of-plane properties. Results
are sorted by binder content.
Binder

Model

α p (·10−6 ) [1/K]
FE

UF

H2-2
H2-1
H1-2
H1-1
H1-3
H4-1
H4-2
H3-2
H3-1

5.71
5.77
5.86
5.87
5.89
5.92
5.96
6.13
6.18

5.68
5.75
5.82
5.83
5.88
5.88
5.89
6.08
6.15

[area %]
10.0
11.4
12.8
13.0
14.0
14.0
14.2
17.7
19.0

αz (·10−6 ) [1/K]
[%]
0.53
0.35
0.69
0.69
0.17
0.68
1.53
0.82
0.49

FE

UF

5.87
6.02
6.07
6.12
6.23
6.18
6.15
6.45
6.63

5.84
5.93
6.03
6.04
6.12
6.12
6.13
6.38
6.48

[%]
0.51
1.52
0.66
1.33
1.80
0.98
0.33
1.10
1.32

Thermal strains in three principal directions (Eiith ) are determined from the following system of linear equations:

Fig. 5. In-plane effective Young’s moduli for each model in case of isotropic elastic
WC grains (a). All effective Young’s moduli are normalized by the Young’s modulus
of the binder material (EB = 208 GPa).

th
Exx
th
Eyy
th
Ezz

=

Exx
Eyy
Ezz

−

S11
·
·

S13
S23
S33

xx
yy .
zz

(21)

Coeﬃcient of thermal expansion is then obtained using:

αi = Eiith / T.
close-to-linear dependence on the binder content in the fraction’s
interval of the interest.

S12
S11
·

(22)

where T is the prescribed temperature change. Effective CTE determined for each microstructure in each direction obtained using
FE and UF models are presented in Table 5. A consistent increase
of both α p and α z with binder content is observed.

5.3. Coeﬃcient of thermal expansion
5.4. Stress–strain curves
In this section, effective coeﬃcient of thermal expansion (CTE)
α is determined for the WC hardmetal. A series of FE simulations
is conducted employing isotropic elasticity and isotropic thermal
deformation properties for both WC and binder materials. Material
parameters are given in Table 1. Generalized plane strain element
formulation is used within a thermo-mechanical formulation.

Comparison of results of the uniform ﬁeld model and effective
responses of RVE from FE simulations in different loading cases
are shown in Fig. 6 for equibiaxial loading, in Fig. 7 for uniaxial loadings and in Fig. 8 for shear. Within the UF model stresses
and strains in both phases are calculated using Eq. (10). The plots
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Fig. 6. Stress–strain curves for “H1-3” model under equibiaxial compression and tension obtained using FE and UF models. Deformation curves are presented in-plane “x”(a)
and in out-of-plane direction “z”(b) directions.

Fig. 7. Stress–strain curves for “H1-3” model under uniaxial compression and tension (loading is in “x” direction) obtained using FE and UF models. Deformation curves are
presented in-plane “x”(a) and “y”(b) directions.

show the stress–strain curves obtained within each phase and at
the macro-scale. Three time steps, namely those where the macroscopic plastic strain value (see Section 5.5) is 0.005%, 0.025% and
0.1%, were selected to highlight the corresponding points for the
three curves. The last one is nothing but the chosen threshold for
the determination of the macroscopic yield stress. In agreement
with the UF model formulation, these points on three curves (total
effective, WC phase average and Binder phase average) are aligned
with a constant slope for the three deformation levels. They are
also aligned for the case of FE. As expected, the slopes are in good
agreement at the onset of plastic ﬂow, as the elastic accommodation used in the UF model is quite accurate when plastic strains

are small. At larger strains, due to the increase of plastic accommodation, the FE solution deviates from the behavior predicted by
the UF model. A model employing non-linear evolution of the accommodation tensors βi in each phase (see Eq. (13) would give a
more accurate results in the large deformation regime.
The consequence of the “generalized plane strain” assumption
is shown in Fig. 6(b), where the out-of-plane components (“z” direction) have the same values in the phases and at the macro-scale
for a given time step. The agreement between FE and UF is perfect
for the elastic regime, and acceptable at the onset of plastic ﬂow.
As expected, for larger plastic strains, average stresses in FE simulation are lower than those predicted by the UF model. The agree-
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Fig. 8. Stress–strain curves for “H1-3” model under shear (compression in “x” direction) obtained using FE and UF models. Deformation curves are presented in-plane “x”(a)
and “y”(b) directions.

ment is good also for uniaxial tension and compression, where the
main difference between FE and UF is observed in compression
for WC and the macroscopic curve. In the case of “shear” loading, as shown in Fig. 8, an asymmetry is present between “x” and
“y” components. This is the result of non-preserving-volume plastic
ﬂow behavior, assigned to the volume-dominant WC phase, which
results in a decrease of tensile (here - σ y ) and in an increase of
compressive (here - σ x ) stresses.
It is worth mentioning that UF model is able to qualitatively
capture the unloading originating from the onset of plastic ﬂow in
WC phase (Fig. 8b).
5.5. Yield stresses
Effective yield stresses are determined for each microstructure
model using relations between effective stresses and strains. The
yield stress for each type of loading (presented in Section 3.4)
was identiﬁed as the point at which the effective equivalent plastic strain reaches 0.1%. The effective equivalent plastic strain ( p̄) is
deﬁned by:

p̄ =

2 p
E : Ep
3

(23)

Ep

where
is the effective plastic strain tensor, which is computed
as follows:

E p = E − C−1 : 
∼

(24)

Yield stresses obtained using ﬁnite-element simulations and the
uniform ﬁeld model for the nine investigated microstructures are
given in Table 6 and shown in Fig. 9 in 2D principal stress space
(σ 1 –σ 2 ). Results show that the higher binder content results in
lower yield stress in all loading cases, but the effect is much more
pronounced in compression than in tension (see yield stresses in
uniaxial compression σ2 = 0 and in uniaixial tension σ1 = 0, respectively). Experimental ﬁnding in Konyashin (2014) displays similar tendencies: in compression the yield stress decreases linearly
with the binder content, whereas in tension it remains almost independent of the binder content for average size WC grains. In

Fig. 9. Initial yield stresses for different microstructures obtained for different loading paths. Points are obtained from ﬁnite-element simulations with nine studied
microstructures. The curves with line-points are constructed with the uniform ﬁeld
model, with respectively 10% and 19% binder content. Yield surfaces of WC and the
binder are also plotted for convenience of comparison.

compressive and shear loading cases the major contribution to the
accumulation of the effective plastic strain is made by the binder
phase.
5.6. Distribution of strains and stresses
Due to the complex morphology of WC hardmetals, it is of interest to study not only the average response of the RVE, but also
the local strain localization patterns shaped by the composite morphology. Results obtained with all investigated models both qualitatively and quantitatively are similar to those presented in this
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Table 6
Initial yield stresses determined using FE simulations for 9 investigated microstructures and predicted by the
UF model, in absence of TRS. Results are sorted by binder content.
Binder
[area %]

Model

Equibiaxial
compression [GPa]
FE

UF
−6.43
−6.23
−6.03
−6.00
−5.87
−5.87
−5.84
−5.39
−5.23

10.0
11.4
12.8
13.0
14.0
14.0
14.2
17.7
19.0

H2-2
H2-1
H1-2
H1-1
H1-3
H4-1
H4-2
H3-2
H3-1

−5.99
−5.73
−5.56
−5.48
−5.34
−5.38
−5.38
−4.89
−4.68

Binder
[area %]

Model

Shear
[GPa]
FE

UF

10.0
11.4
12.8
13.0
14.0
14.0
14.2
17.7
19.0

H2-2
H2-1
H1-2
H1-1
H1-3
H4-1
H4-2
H3-2
H3-1

−1.41
−1.34
−1.30
−1.23
−1.22
−1.23
−1.27
−1.10
−1.04

−1.57
−1.55
−1.52
−1.52
−1.50
−1.50
−1.49
−1.43
−1.41

Biaxial
compression [GPa]
[%]
7.35
8.73
8.45
9.49
9.93
9.11
8.55
10.2
11.8

FE

UF

−5.55
−5.31
−5.16
−5.03
−4.88
−4.92
−4.98
−4.32
−4.01

−6.74
−6.55
−6.36
−6.33
−6.20
−6.20
−6.18
−5.73
−5.57

Uniaxial
compression [GPa]
[%]
21.5
23.4
23.3
25.8
27.1
27.1
24.1
32.6
38.9

Uniaxial
tension [GPa]
[%]
11.3
15.7
16.9
23.6
22.9
21.9
20.2
30.0
35.6

section, therefore, could be seen as generic for WC hardmetals of
similar type. Results obtained with the “H1-3” model are presented
in this section.
Stress and strain maps and distribution histograms are shown
in Figs. 10–12 for biaxial compression, shear and uniaxial tension
loadings. Shown maps and histograms correspond to the moment
when the effective equivalent plastic strain ( p̄) reaches 0.1%, i.e. the
onset of plasticity for the effective behavior.
For biaxial compression the von Mises stress, pressure and
equivalent plastic strain maps are shown in Fig. 10(a), (c) and (e),
respectively. Distribution histograms of von Mises stress and pressure are shown in Figs. 10(b) and (d), respectively. For shear loading the same results are shown in Fig. 11. For uniaxial tension
the same results are shown in Fig. 12. Supplementary information illustrating stress state of the material in the form of stress
probability clouds in pressure-von Mises stress space is shown in
Figs. 10(f), 11(f) and 12(f) for the three above-mentioned loading
cases. The color of each point in the stress probability cloud shows
the probability in % to ﬁnd a point in the corresponding stress interval.
5.7. Thermal residual stress
The thermal expansion coeﬃcient of the binder material is approximately 2.5 times higher than that of the tungsten carbide.
In cooling from sintering to the room temperature, such difference results in appearance of compressive stresses within the WC
grains’ bulk and tensile stresses in the binder, as well as at the
WC grains’ edges, adjacent to the binder pools). Pressure distribution after thermal contraction is shown in Fig. 13 for “H1-3” model.
This map was obtained for temperature independent elastic, plastic and thermal properties for cooling from 800 °C to 20 °C in 100
increments to account for plastic ﬂow. Mean pressure in the WC
phase is 209 MPa (compression) and −1265 MPa (tension) in
the binder phase. These FE simulations results comply qualitatively
with results of other studies (see, e.g., Spiegler and Fischmeister,
1992; Weisbrook and Krawitz, 1996; Mari et al., 2015).
During thermal contraction, while the effective stress remains zero, the forces exerted by each phase must be balanced

FE

UF

1.83
1.81
1.77
1.77
1.74
1.75
1.74
1.66
1.62

1.91
1.90
1.88
1.88
1.87
1.87
1.87
1.83
1.82

FE

UF

−3.10
−2.96
−2.80
−2.66
−2.62
−2.64
−2.70
−2.29
−2.15

−3.61
−3.55
−3.49
−3.48
−3.44
−3.44
−3.43
−3.28
−3.23

[%]
16.5
19.9
24.6
30.8
31.3
30.3
27.0
43.2
50.2

Equibiaxial
tension [GPa]
[%]
4.4
5.0
6.2
6.2
7.5
6.8
7.5
10.3
12.4

FE

UF

1.55
1.54
1.53
1.53
1.52
1.53
1.53
1.50
1.49

1.54
1.53
1.52
1.52
1.52
1.52
1.51
1.49
1.48

[%]
0.65
0.65
0.66
0.66
0.30
0.65
0.66
0.67
0.68

(Hutchings et al., 2005; Noyan and Cohen, 2013). For pressure in
WC hardmetal composite that reads:

fWC P̄WC + fB P̄B = 0,

(25)

where fi and P̄i are the volume fraction and the average pressure
of the “i”th phase, respectively. Stress state of both phases upon
completion of thermal contraction is shown in the form of a stress
probability cloud in Fig. 14. It is beneﬁcial for the WC phase to
be in a compressive state after sintering, since it can then sustain higher tensile loads. However, pressures developed after sintering extend from compressive up to ≈ −500 MPa tensile (see
Fig. 13(b)). This ﬁnding is in agreement with experimental data
from Krawitz et al. (1988), where both compressive and tensile
stresses in WC phase were also shown using neutron diffraction.
Later, when hardmetal is in operation, tensile stresses can arise either locally, due to sliding contact with the rock, or due to composite’s internal morphological particularities.
Distribution of equivalent plastic strains upon completion of
thermal contraction is shown in Fig. 15. No plastic deformation is
accumulated in the WC phase during this process, but the effective equivalent plastic strain level exceeds the threshold of 0.1%.
It is the binder’s post-yield hardening behavior that, for the most
part, is partaking in the deﬁning of effective composite response
when loadings are applied after the thermal contraction. Hardmetals used in percussive drilling mostly experiences compressive
loads and thus, it can be predicted that the larger the capacity of
the binder to accumulate plastic deformation the longer the cohesion of hardmetal retains. The investigation of the effect of thermal residual stresses (TRS) on yield stress of WC-Co hardmetals
can also be found in Litoshenko (2002).
After thermal contraction interfaces between WC grains and
pools of binder are predominantly in the tension state (see
Fig. 13(a)). This suggests that these interfaces can act as sources
of crack initiation. Interfaces between neighboring WC grains are
in compression and at the corners of WC grain–WC grain contact compressive stresses are even higher, than along the interface
edge. This suggests that these interfaces are more secured from becoming a source of crack initiation. These ﬁndings are in agreement with the study Weisbrook and Krawitz (1996). A study of the
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Fig. 10. Illustration of the state of “H1-3” model in biaxial compression loading at reaching the initial “yield surface” ( p̄ = 0.1%). Figures correspond to von Mises stress (a,b);
pressure (c,d); equivalent plastic strain (e); stress probability cloud in pressure-von Mises stress space for the WC phase and the binder phase (f). Color-bars in (f) show
the probability (in %) to ﬁnd a point at a current location in stress space (logarithmic color scale). The size of each “bin” is [250 × 250] MPa2 . (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 11. Illustration of the state of “H1-3” model in shear loading (compressive loading is in horizontal direction) at reaching the initial “yield surface” ( p̄ = 0.1%). Figures
correspond to von Mises stress (a,b); pressure (c,d); equivalent plastic strain (e); stress probability cloud in pressure-von Mises stress space for the WC and the binder phases
(f). Color-bars in (f) show the probability (in %) to ﬁnd a point at a current location in stress space (logarithmic color scale). The size of each “bin” is [250 × 250] MPa2 .
(For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 12. Illustration of the state of “H1-3” model in uniaxial tension loading (compressive loading is in horizontal direction) at reaching the initial “yield surface” ( p̄ = 0.1%).
Figures correspond to von Mises stress (a,b); pressure (c,d); equivalent plastic strain (e); stress probability cloud in pressure-von Mises stress space for the WC phase and
the binder phases (f). Color-bars in (f) show the probability (in %) to ﬁnd a point at a current location in stress space (logarithmic color scale). The size of each “bin” is
[250 × 250] MPa2 . (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 13. Pressure distribution after thermal contraction from 800 °C to 20 °C for “H1-3” model: pressure distribution map (a) and distribution histogram (b). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 14. Stress state upon completion of thermal contraction from 800 °C to 20 °C
for “H1-3” model. Two-dimensional histogram in pressure-von Mises stress space
for WC and binder phases. Color-bars shows the probability in % to ﬁnd a point at
a current location in stress space (logarithmic color scale). The size of each “bin”
is [250 × 250] MPa2 . (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

effect of TRS on the fracture toughness of WC-Co can be found in
Cutler and Virkar (1985).
It is of interest to see how the stress state changes in phases
when the material with pre-existing TRS is loaded. Three types
of loadings were applied on “H1-3” FE model, which was taken
with zero initial (thermal residual) stresses and with simulated
TRS. Pressure and von Mises stress distribution histograms are
shown for biaxial compression, shear and uniaxial tension loadings
in Fig. 16. Unshaded bars show the stress state after thermal contraction, but prior to application of the loadings. These histograms
can be compared with those shown in Figs. 10(d), Fig. 11(d) and
Fig. 12(d). Spatial distribution of residual stresses in cemented WC10 wt%Co hardmetal was also computed using a ﬁnite-element
model in Spiegler and Fischmeister (1992), where a 2D model with

Fig. 15. Distribution of equivalent plastic strains upon completion of thermal contraction from 800 °C to 20 °C for “H1-3” model. No plastic deformation is accumulated in the WC phase during this simulation.

20 WC grains was used, but, nevertheless, stress distributions show
a very close resemblance to the results of the current study.
As shown in Fig. 16, a single-peak stress distributions prior to
the application of loadings converts to a double peak when loaded.
This effect is absent in the binder distribution under uniaxial tension (see Fig. 16(c)), since most of the binder is already in the tension upon completion of thermal contraction.
5.8. Parameters sensitivity
As indicated in Table 2, different binder materials are used for
different grades, whereas in our models we restricted the study to
a particular binder, cobalt. Thus, it is of interest to investigate the
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Fig. 16. Pressure distribution histograms for “H1-3” model after biaxial compression (a), shear (b) and uniaxial tension (c) with TRS. Unshaded bars show the stress state
after thermal contraction, but prior to application of the loading.

Fig. 17. Sensitivity of the “H1-3”model under uniaxial compression to changes in (a) the initial binder yield stress RB0 and (b) the binder hardening parameter QB , star
markers denote yield stresses determined at 0.1% of effective equivalent plastic strain.

inﬂuence of the binder material properties variation on the effective response of the WC hardmetal. Three studies were performed
using FE “H1-3” model: (i) binder material initial yield stress RB0
(in Eq. (6) was raised and lowered by 30%, (ii) binder material
hardening parameter QB (in Eq. (6) was raised and lowered by 30%
and (iii) the coeﬃcient of thermal expansion difference between
WC and binder phase was changed. All other material properties
of both phases are kept the same. Sensitivity of “H1-3” model response to these variations in binder properties is shown in Fig. 17
for the case of uniaxial compression loading. Since the binder fraction is relatively small (14% for the considered sample), the effective response being counterbalanced by the WC behavior, changes
slightly: for example, the yield stress in compression (evaluated at
0.1% of effective equivalent plastic strain) changes in the interval
±5 − 6 % around the original yield stress. Dependence of the mean
residual pressure in WC and binder phases after thermal contraction with respect to the ratio of their CTE is given in Table 7 for 5
different α B /α WC ratios.

Table 7
Dependence of the mean residual pressure in phases on
the ratio of WC and binder thermal expansion coeﬃcients, obtained using FE simulations with “H1-3” model
for cooling from 800°to 20°. The reference case corresponds to α B /α WC =2.5 (see Table 1).

α B /α WC

Mean pressure in
binder phase [MPa]

Mean pressure in
WC phase [MPa]

3.5
3.0
2.5
2.0
1.5

−1845.1
−1587.0
−1265.5
−907.0
−499.4

305.6
262.4
209.2
149.8
82.2

5.9. Uniform ﬁeld model in 3D
As shown in Sections 5.4 and5.5, the uniform ﬁeld model gives
a good prediction of 2D WC hardmetal behavior up to reaching the
yield surface. Thus, it can be readily used to obtain results for 3D
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Table 8
Elastic moduli, coeﬃcients of thermal expansion and yield stresses in compression and tension for the 3D
UF model with different binder content.
Binder
volume
fraction [%]

Young’s
modulus
[GPa]

Poisson’s
ratio

Coeﬃcient of thermal
expansion, Eq. (26))
[10−6 /K]

Yield stress
in uniaxial
compression [GPa]

Yield stress
in uniaxial
tension [GPa]

4
6
8
10
12
14
16
18
20

677.7
662.8
648.2
633.7
619.4
605.2
591.2
577.5
563.9

0.201
0.203
0.205
0.207
0.209
0.211
0.213
0.215
0.217

5.39
5.49
5.59
5.70
5.81
5.92
6.04
6.16
6.28

−3.88
−3.80
−3.72
−3.64
−3.57
−3.49
−3.41
−3.34
−3.26

1.97
1.95
1.93
1.90
1.88
1.86
1.83
1.81
1.78

6. Conclusions

Fig. 18. Yield surface obtained for 10% and 16% of binder volume fraction using 3D
uniform ﬁeld model with spherical inclusions.

case. In order to obtain elastic moduli, coeﬃcient of thermal expansion and yield surface of WC hardmetal in 3D case we used a
uniform ﬁeld model constructed for a spherical inclusion problem.
The Eshelby tensor is taken in the form shown in Eq. (16).
Elastic moduli were determined using results of uniaxial compression simulations for different binder volume fractions. Coeﬃcients of thermal expansion were determined using results of thermal contraction simulations. Elastic moduli, coeﬃcients of thermal
expansion and the yield stresses in compression and tension are
given in Table 8 for different binder volume fractions. The effective
coeﬃcient of thermal expansion is computed using the following
equation (Zaoui, 1997):

αeff = α +

1/Keff − 1/K 
(α1 − α2 ),
1/K1 − 1/K2

(26)

where x = f1 x1 + (1 − f1 )x2 denotes the weighted mean value,
with f1 be the volume fraction of phase 1, K is the bulk modulus, which for isotropic material can be expressed through Young’s
modulus and Poisson’s ratio as K = E/(3(1 − 2ν )), and Keff is its
homogenized value.
The effective yield surfaces obtained for 10% and 16% of binder
volume fractions are shown in Fig. 18 in pressure-von Mises stress
space. Such presentation is suﬃcient, since the shape of the effective yield surface does not depend on the third stress invariant. The
yield surface shape could be represented as a combination of linear Drucker–Prager and von Mises yield surfaces. The yield stress
in hydrostatic tension for linear Drucker–Prager part is ≈2.65 GPa
and the friction angle is ≈44 °. The yield stress for the von Mises
part is ≈ 3.4 GPa for fB = 16% and ≈ 3.65 GPa for fB = 10%. The
linear Drucker–Prager part follows closely the Drucker–Prager criterion of WC, whereas the composite “von Mises part” is about six
times higher than the von Mises criterion of the binder.

Nine two-dimensional ﬁnite element (FE) models were created
based on SEM images of four different WC hardmetal grades in order to investigate the effective thermo-mechanical behavior of this
composite. Created models are 19.5 × 19.5 μm2 in size, with the
binder content varying from 10% to 19% by area fraction. Number of WC grains contained in each model varies between 340 and
490 grains. A pressure-dependent non-associated plastic behavior
(Drucker–Prager criterion) was used for the WC phase and the von
Mises criterion for the binder phase. Isotropic linear elasticity is
used for both phases.
We computed effective elastic moduli and coeﬃcients of thermal expansion using a homogenization method based on the FE
analysis of representative elementary volumes. Six characteristic
loadings in 2D principal stress space were applied to the RVE to
determine the effective yield stresses for every path. A generalized
plain strain (“2.5D”) FE formulation was used enabling to allow a
non-zero out-of-plane stresses in each phase, while keeping zero
the average effective stress. Due to the two-dimensional nature
of the simulations, the resulting effective material is transversely
isotropic. Constructed FE model and the choice of material models
for constituents allows to qualitatively reproduce the mechanical
response of WC hardmetal under various loadings both in elastic
and plastic regimes. In addition, it provides us with local stress
ﬁelds, i.e. the stress statistics, which is critical for understanding
and predicting onsets of fracture and wear.
A uniform ﬁeld (UF) elasto-plastic model constructed for cylindrical and spherical inclusion problems was implemented for the
WC hardmetal two-phase composite. Comparison is made between
the 2.5D FE model and the UF model for cylindrical inclusions. Predictions of the two approaches for nine studied microstructures
differ by less than 1% for in-plane Young’s modulus and Poisson’s
ratio, and by less than 0.25% for the out-of-plane constants. This
good agreement indicates that the constructed FE models are representative. The effective in-plane Young’s modulus follows closely
the upper Hashin–Shtrikman bound. For a binder content 10% to
20%, a linear decrease of the Young’s modulus with respect to the
binder fraction can be assumed with a high accuracy. The corresponding slope is determined by the mean slope of the upper
Hashin–Shtrikman bound. The effective in-plane and out-of-plane
coeﬃcients of thermal expansion computed according to the FE
and UF models differ by less than 2%.
Outside the elastic domain, the UF model is also able to predict
quite accurately the deformation curves in case of moderate loads.
However, because of a high dispersion of local stresses around the
mean value, the yield stresses predicted by the UF model is signiﬁcantly higher than those predicted by the full-ﬁeld FE model.
Moreover, this difference is ampliﬁed by the fact that the elastoplastic UF model was formulated using constant plastic accommo-
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dation, which is known to result in an overestimation of residual stresses between phases. A more elaborated UF model reformulated in a rate form or a β model would produce more accurate results. The discrepancy error in the yield stresses evaluated
at 0.1% of effective plastic strain is low in equibiaxial tension (the
error is less than 1%). It is higher for the other loading types like
equibiaxial compression, asymmetric biaxial compression and onedimensional compression. It is worth noting that the error is under
control for low binder content (around 10%, with a maximum of
20% for the unsymmetric biaxial compression). It is higher (reaching 50%) for large binder content(19%) and one-dimensional compression. The fact that the yield stress differs in both models is not
critical for the agreement of the average behavior of the materials:
as hardening is very stiff, the curves are very close to each other at
the onset of plastic ﬂow, so that the FE and UF model are in good
agreement for all considered loads.
The satisfactory agreement between the FE and UF models
for the 2.5D case conﬁrms the validity of the UF model for WC
hardmetals with its speciﬁc microstructure and material behaviors.
Thus, we constructed a UF model for a spherical inclusion problem. Similar to the 2D case, in elasticity we obtain a quasi-linear
decrease in the effective Young’s modulus with the binder content.
In elasto-plastic regime, the yield surface obtained with this UF
model consists of two branches distinguishable in the pressure-von
Mises stress space. The ﬁrst branch is a Drucker–Prager cone with
the friction angle slightly smaller than the original friction angle
of the WC, and which increases with the increasing binder content.
The second branch is the von Mises branch, parallel to the pressure
axis. A sharp transition between the two branches is predicted by
the UF model. In prospective, it is planned to verify this result using a three-dimensional FE model. The obtained yield surface gives
a reasonable difference between yield stresses in uniaxial compression and tension; it also predicted, for the increasing binder content, a more signiﬁcant decrease of the yield stress in compression
than in tension, which is in agreement with experimental data.
This study was complemented by a weakly-coupled thermomechanical analysis of hardmetal behavior during thermal contraction using ﬁnite element models. In cooling from sintering temperatures to the room temperature (from 800 °C to 20 °C), high
stresses develop in the composite due to the difference in coefﬁcients of thermal expansion of the WC and the binder. These
stresses inﬂuence considerably the mechanical behavior of the
composite and cannot be taken into account directly within UF
models based on Eshelby’s solution for a solitary inclusion. Even
if thermal stresses could be included in a UF model, the ﬁnite
element tests presented here demonstrate that under mechanical
loading in presence of residual thermal stresses, the total stresses
form a probability distributions with two peaks, for which the notion of the mean value becomes irrelevant.
We conclude that a uniform ﬁeld model can be used with a
high conﬁdence to estimate the average mechanical behavior of
WC hardmetals under moderate loads both in elastic regime and
at the onset of plastic ﬂow. However, for predicting extreme phenomena like wear and fracture, which are governed not by mean
stress values but rather by the tail of the probability distributions,
more accurate homogenization models are needed, which would
also include in consideration the dispersion of local stresses (see,
e.g., the recent works Fritzen and Leuschner, 2013; Michel and Suquet, 2016).
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