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Non-linear material models



Viscoelastic material

One-dimensional constitutive equations

m Applied stress o o
m In the left branch 0, = E.¢

m In the dashpot o, = n¢é; (%)

m In the right spring 0, = E(¢ — ¢;4)  (#%)

&E-E4 09
m For the whole system 0 = 01 + 0 EC>O

&,0q

0=(Ex+E)e—Egy

Ep Oy

m From (+) and (#+), and denoting 7 = 1/E:

. &d
g+t — ==, ¢g——0
T

é,
T t——c0
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e Three-dimensional viscoelastic model |

m Recall: 1D model
0=(Ewx+E)e—Eey, &5+ %i ==, &¢—0

m Multiple dashpots in parallel

z g i i
0 = (Ew +§E §E +;:7 e — 50, 1=-1
) i€ 1 . T; R RPN ! E.

l

p,.
=

N
elastic stress o

TO’

o
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e Three-dimensional viscoelastic model |

m Recall: 1D model

0=(Ex+E)e—Eeq, é4+ G 5, &g — 0
T T t——o0
m Multiple dashpots in parallel
1
€ g R}
o= Ear B By Gri= amm0 usg

l
_ﬁ,____/
elastic stress o

m Denote Ey = E, + ), E;, ¥; = E;j/Ey, and g, = E,’é'; we obtain

. qi lr,)i i
0= Epe — qi, i+ —=—0o, & —0
T; T

i

m By construction
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e Three-dimensional viscoelastic model II

m Linear elasticity:
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e Three-dimensional viscoelastic model II

m Linear elasticity:

m Stored elastic energy W(¢) (e.g., in linear elasticity W = 1Ej¢” ) then

oW qi b, E.
= —— . q. —_— = — — . , - _ L
o e Z qi, qi+ - T 9c’ qi :) 0, Z Yi=1 E,

i=1,N i=1,N

m This formulation is valid for non-linear elasticity, stored elastic energy
W should be a convex function.
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e Three-dimensional viscoelastic model III

m Decomposition of stress and strain tensors into deviatoric ( s, e ) and

spherical parts:
o I + 1t I=e+ ! 01
=s— e=e+tr(el=e+ =
= = p:’ = = 3 == = 3 =
m Linear isotropic elasticity:
1 34 +2G
& = Aotr(&)L + 2Gog = AoBL + 2Go (¢ + 301) = -2T==261 + 2Goe = KoOL + 2Goe

m Elastic energy: W = %g 1£=5Ko6” +Goe : e

m 3D formulation
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e Three-dimensional viscoelastic model IV

m Integrate

_ 11[}[ (t - t,) ()W ’
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e Three-dimensional viscoelastic model IV

m Integrate
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e Three-dimensional viscoelastic model IV

m Integrate

O T O R LA
=" 00= de Py P T | de(t)
t
oW oW (t-t)]d
= — b — ). _ ’
A TP +,__1\,"feXpl T }d{ ()}dt
)

exp(t'/7) + %f(f’)exp(l’/r)] dt’/

ar /
df(t
ar {” /
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/ % [fexp(t/7)] = %exp(fﬁ) + 1f@xp(f/7) integrate  fexp(t/17) = f{ o

1,
exp(—(t - 1’)/7)+jf([')cxp(f(lf[’)/r)

/ multiply by exp(~£/1) : f= fl

- %” ‘ F(ydr =

/ finally exp(—t/7) : f*l [pr
Iz,




e Three-dimensional viscoelastic model V

m Finally

IW d (t—t) d ,
g= ae“‘/”‘ +lmd/, exp[ - ]df{g(ﬂ)}dt

—o0

For linear isotropic elasticity:

t

t—t
g = K6£+ Zl]l}mG()g‘i‘ ZG(] l]Z/[ fCXp l—( T ):lg(tl) dt
N

=1,N

—0o0

Denote G, = 1)oGo, recall ., y 1)i = 1 = ¢
m Alternatively one can replace Gy by Gy — G, and put ), y ) = 1

Finally

0 = KOL+2G.e +2(Gy — G)Zy,fexp[ ](t/)dt/

i=1,N
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e Three-dimensional viscoelastic model

Linear viscoelastic (generalized Maxwell model, standard solid)

m Stress-strain relation:
t

o(t) =KOL+ [ G(t - 1)e(t)dr,

—00

m Kernel G(7) is given by:
G(7) = 2Go + 2(Gy = Goo) W (1) with W(7) = i piexp(=1/1;)
i=1

e G, Gy are the slow/fast loading shear moduli, respectively, such
that G, < Gy;

e K is the bulk modulus, and for elastomers/polymers K/G, > 1;
e ; are the influence coefficients, such that }_ ¢, = 1;
i=1

o 7; are the respective relaxation times.
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e Material model: storage and loss moduli

m Consider a harmonic (rigid) loading: e(t) = ¢, exp(iwt)
Split the kernel: G(f) = 2G.., + G(t)

m Then, the storage modulus (general case):

)

G (w) =2Ge + w f@(r) sin(wt) dt

0

m The storage modulus in the framework of the generalized Maxwell
model:
G (w) = 2Ge + 2w0(Go — Z V; fexp —1/7;) sin(wt) dt
0
, Yiw? T?
G'(@) = 2Ge + 2(G G&,)Z e
m Remark:

fexp(cx) sin(bx) dx = ec);}i(cb? [c sin(bx) — b cos(bx)]
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e Material model: storage and loss moduli

m The loss modulus (general case):

o

G'(w)=w fC(T) cos(wt)dt
0
m The loss modulus in the framework of the generalized Maxwell model:

G’ (w) = 2w(Gy — Gw) i | exp(—1/1;) cos(wt)dt
Yy P
=9

l./,/J,'(UT,'

G”((U) = Z(Go - Goo)

- 1+ w? T?
i=1 i

m Remark:

fexp(cx) cos(bx) dx = ‘?;li(cb‘z) [c cos(bx) + bsin(bx)]
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e Material model: example

m Material parameters: G, = 1.1 MPa, G, = 50 kPa

m Single relaxation time: 75 = 1077

m Quasi-incompressible material: K/Gy = 10° > 1

m Uniaxial (rigid) loading: ¢, = Asin(wt), 0,y = 0.. =0, ¢,y = .. ® —0.5¢.,
m Spherical and deviatoric parts: € ~ A(1 —2v)sin(wt)l, e = €

| Stress—stram relation:

f 2(Go — Geo) exp[—(t — T)/To)e(T)dT + 2Gue + Ke,

® Axial and radial stress components:
t

Oy = 2Goo&xy + K&y + ZSW) + fZ(GU — Go) exp[—(t = 1)/ T0)éxc(T)dT

—00
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e Material model: example

m Material parameters: G, = 1.1 MPa, G, = 50 kPa
m Single relaxation time: 75 = 1077
m Quasi-incompressible material: K/Gy = 10° > 1
m Uniaxial (rigid) loading: ¢, = Asin(wt), 0,y = 0.. =0, ¢,y = .. ® —0.5¢.,
m Spherical and deviatoric parts: € ~ A(1 —2v)sin(wt)l, e = €
| Stress—stram relation:
f 2(Go — Geo) exp[—(t — T)/To)e(T)dT + 2Gue + Ke,

® Axial and radial stress components:
t

Oy = 2Goo&xy + K&y + ZSW) + fZ(GU — Go) exp[—(t = 1)/ T0)éxc(T)dT

—00

Oy =0
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e Material model: example

m Material parameters: G, = 1.1 MPa, G, = 50 kPa

m Single relaxation time: 75 = 1077

m Quasi-incompressible material: K/Gy = 10° > 1

m Uniaxial (rigid) loading: ¢, = Asin(wt), 0,y = 0.. =0, ¢,y = .. ® —0.5¢.,
m Spherical and deviatoric parts: € ~ A(1 —2v)sin(wt)l, e = €

| Stress—stram relation:

f 2(Go — Geo) exp[—(t — T)/To)e(T)dT + 2Gue + Ke,

® Axial and radial stress components:
t

Oy = 2Goo&xy + K&y + ZSW) + fZ(GU — Go) exp[—(t = 1)/ T0)éxc(T)dT

—00

t

Oy =0 =2Gwe,, + K(ex + 2¢y,) + fZ(Go = Goo) exp[—(t — 1)/ 0]y, (T)dT

—0oo

V.A. Yastrebov Lecture 2 19/89



e Material model: example

m Material parameters: Gy = 1.1 MPa, G, = 50 kPa

m Single relaxation time: 7 = 107 s

m Quasi-incompressible material: K/Gy = 10° > 1

m Uniaxial (rigid) loading: ¢., = Asin(wt), 0,, = 0.. =0, ¢, = .. ~ —0.5¢,
m Spherical and deviatoric parts: € ~ A(1 — 2v)sin(wt)], e ~ €

[ Stress—sfrain relation:

o(t) = [ 2(Gy — Gw) exp[—(t — 7)/70]e(T)dT + 2Gwe + K,
m Axial and radial stress components:
t

Oxx = 2Gco€xx + K(exy +28,y) + fZ(Cg — Go) exp[—(t = 1)/ T0)éxc(T)dT

—00

t

Oy = 0=2Gue,, + K(ex, + 2¢,,) + f2(GO = Goo) exp[—(t — 1)/ T0lé, (T)dT

—00

t

Ore = 3Geobyy + f3(Go — Goo) exp[—(t — 7)/To]éx(T)dT

—0c0
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e Material model: example II

m Uniaxial storage modulus:

(uzrﬁ
E’((i)) = 3G + 3(G() — GK)
1+ w?T]
m Uniaxial loss modulus:
wT
E’(w) = 3(Gy — G
(@) =3(G )l + w3

0
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e Material model: example (FEA vs Analytics)

3.5 : : . .
- - Uniaxial storage modulus, E’ O i da —————
--  Uniaxial loss modulus, E” .
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e Material model: example (FEA vs Analytics)
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e Material model: example (FEA vs Analytics)

o o FEA FEA
— Analytical 3 Analytical

Axial stress, KPa
Axial stress, KPa

.10 0.05 .00
time, s Axial strain, %

Linear frequency f = 10* Hz
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e Material model: example (FEA vs Analytics)

o o FEA o—o FEA
—  Analytical 3 —  Analytical

Axial stress, KP

.00
time, s Axial strain, %

Linear frequency f = 10° Hz
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e Material model: example (FEA vs Analytics)

o o FEA o—o FEA
15 —  Analytical 3 —  Analytical

Axial stress, KPa
L
Axial stress, KPa

.00
time, s Axial strain, %

Linear frequency f = 10° Hz
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e Material model: example (FEA vs Analytics)

o o FEA oo FEA
—  Analytical sf| — Analytical
2
g s 1
< ¢
£ £ o
3 3
2|
3|
00 0.2 04 0.6 08 10 -4 0.10 0.05 0.00 0.05 0.10
time, s Axial strain, %

Linear frequency f = 10" Hz
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Numerical integration in time



m One-dimensional Maxwell model

m Three-dimensional generalized Maxwell models

. 1 _lfl}l.gw ., = |
Gra=T50 0 40 Y vi=1-v

= Ti= T, de =
1 1 1 1 = 1 l‘:l,N

m Problem: need to know g(#*!) at time step #*! if we know it on
previous time steps ' fori = 0, k.

m General problem of integration in time or initial value problem for the
1st-order linear differential equation (Cauchy problem):

y=Fty),

find y(f) such that satisfies:
y(0) =yo
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Numerical integration in time: explicit vs implicit

Integration methods for iy = F(t,y) (*)

t+ At) —y(t
Replace 7 = ‘1/7( * Al)‘ y®)

m Explicit Euler

y(t + AD) —y(®)

B Rewrit
ewrite () as At

= F(t, y(1)

m Obtain result | y(t + At) = y(t) + AtF(t, y(t))

m Unstable for high Af

m Implicit Euler

y(t+ A1) — ()

B Rewrit
ewrite () as At

= F(t + At,y(t + At))

m Obtain equation | y(t + At) = y(t) + AtF(t + At, y(t + At))

m Computationally more expensive
m Very stable
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.02

0.12 =—a Explicit, At=0.02
v—v Theta, §=0.5, At =0.02

0.10 %
0.08

0.06

Stress

0.04 \
\

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.1
0.12) =—a Explicit, At=0.1
v—v Theta, §=0.5, At=0.1

0.10 E
0.08

0.06

Stress

0.04

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.2

0.12) =—a Explicit, At=0.2
v—v Theta, §=0.5, At=0.2

0.10 \
0.08\

T

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.5

0.12) =—a Explicit, At=0.5
v—v Theta, §=0.5, At=0.5

Stress

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=1.0
0.12) =—a Explicit, At=1.0
v-v Theta, =05, At=1.0

Stress

3
time

V.A. Yastrebov Lecture 2 36/89



Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=2.0
0.12 =—a Explicit, At=2.0 !
|v-v Theta, =0.5, At=2.0 |

[i\ /

0.04 \

I\

\ \ -
0.02 —
0.005 1 2 5 7

3
time
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Comparison of methods

0, t<0
Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1' ; i 0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact

e—e |mplicit, At=3.0

=—a Explicit, At=3.0

0.12)
v-v Theta, =05, At=3.0
I
0.10 \ |
\ |
\ |
\ |
0.08 | |
0 \
o \ |
& \
006/ |
\ |
e
\ . |
0.04 4 S
\\ | \\\\\\
\ | T~ s
0.02 | o —
\ 3
f
\ |
0.005 1 2 7 5 7
time
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Numerical integration in time: 0-method

Integration methods for iy = F(t,y) (*)
t+ At) —y(t
Replace 7 = “/7( Al)‘ v

m Rewrite (+) as W = E(t, Oy(t + Af) + (1 — O)y(t)

m Obtain equation | y(t + At) = y(t) + AtF(t + At, Oy(t + At) + (1 — O)y(t))

= Remark:
- for 0 = 1 implicit,
- for 0 = 0 explicit,
- for 0 = 0.5 trapezoidal rule.

m Very stable (yet less than fully implicit method)
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.02

0.12 =—a Explicit, At=0.02
v—v Theta, §=0.5, At =0.02

0.10 %
0.08

0.06

Stress

0.04 \
\

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.1
0.12) =—a Explicit, At=0.1
v—v Theta, §=0.5, At=0.1

0.10 E
0.08

0.06

Stress

0.04

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.2

0.12) =—a Explicit, At=0.2
v—v Theta, §=0.5, At=0.2

0.10 \
0.08\

T

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.5

0.12) =—a Explicit, At=0.5
v—v Theta, §=0.5, At=0.5

Stress

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=1.0
0.12) =—a Explicit, At=1.0
v-v Theta, =05, At=1.0

Stress

3
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=2.0
0.12 =—a Explicit, At=2.0 !
|v-v Theta, =0.5, At=2.0 |

[i\ /

0.04 \

I\

\ \ -
0.02 —
0.005 1 2 5 7

3
time
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Comparison of methods

0, t<0
Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1' ; i 0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=3.0
0.12) =—a Explicit, At=3.0
v—v Theta, §=0.5, At =3.0
T

0.10
\ |
\
\ |
\ |
: |

0.06
\ |
|
\ 5 |
0.04 =
\ ~—
\ | ~
\ \ e
\ — e E—
0.02 |
\ [
|
0.005 1 2 7 5 7
time
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Numerical integration: explicit Runge-Kutta method

Integration methods for iy = F(t,y) (*)

t+ At) —y(t
Replace 7 = “/7( * Al)‘ y®)

s
m Rewrite (x) as y(t + At) = y(t) + At Z bik;
i=1

m Where

ki = F(t, y(t))

k2 = F(t + CzAf, y(t) + At(dzlkl))

. L

k,‘ = F|t+cAt, y(t) + AfZ d,‘jk,‘

=1

m Coefficients b;, c;, a; are tabulated for differen orders S
m For Runge-Kutta 4:

bi=by=1/6, by=b3=1/3

C2:C3:1/2, =1

a =1/2, a3 =0, ap=1/2, ag=ap=0, ag=1
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=0.02

0.12 v—v Theta, §=0.5, At =0.02
+—+ Explicit RK4, At=0.02

0.10 \
0.08

0.06

Stress

0.04 \
\-

3
time
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Relaxation test: apply «(t) = ¢oH(f) with H(f) = {

0, t<0
1, t=0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14

0.12

— Exact
e—e |mplicit, At=0.1

0.10

v-v Theta, #=0.5, At=0.1
+—+ Explicit RK4, At=0.1

0.08

Stress

0.06

0.04

V.A. Yastrebov
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14;
— Exact
e—e |mplicit, At=0.2
0.12] v—v Theta, §=0.5, At=0.2
+—+ Explicit RK4, At=0.2
0.10) \
0.08 -\
«
0 \
]
0.06)
0.04
%\4
0.02 #0999+
0.005 1 2 7 5 7
time
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Relaxation test: apply «(t) = ¢oH(f) with H(f) = {

0, t<0
1, t=0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14

0.12

— Exact
e—e |mplicit, At=0.5

0.10

v-v Theta, §=0.5, At=0.5
+—+ Explicit RK4, At=0.5

0.08

Stress

0.06

0.04

o)

Q’:}I:q,,

V.A. Yastrebov

3
time

Lecture 2

Comparison of methods

51/89



Comparison of methods

0, t<0
Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1' ; i 0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14

— Exact

e—e |mplicit, At=1.0
v-v Theta, =05, At=1.0
+—+ Explicit RK4, At=1.0

0.12

0.10

0.08

Stress

0.06

\\
0.04

?
/
/
/
/
/
/
é
®

time
V.A. Yastrebov
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Relaxation test: apply «(t) = ¢oH(f) with H(f) = {

0, t<0
1, t=0

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14

0.12

— Exact
e—e |mplicit, At=2.0

0.10

v-v Theta, #=0.5, At=2.0
+—+ Explicit RK4, At=2.0

0.08
@
4
]
0.06|
0.04 \
\ P\
002 ~——_ e
0'000 2 4 5 7
time
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Comparison of methods

0, t<0

Relaxation test: apply «(t) = ¢oH(f) with H(f) = {1 20

Parameters: £ =1,E., =02,7=1,t €(0,8),¢ = 0.1

0.14,
— Exact
e—e |mplicit, At=3.0

0.12 v—v Theta, §=0.5, At=3.0
+—+ Explicit RK4, At=3.0

0.10 \
0.08

0.06

Stress
/

0.04 P

\ e N
0.02 B—
0.005 1 2 5 7

3
time
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Numerical integration: summary

List of integration methods
m Theta-method (0 < 6 < 1)
m Implicit method (0 = 1)
m Runge-Kutta method (RK4)

Remark: explicit Euler method is rarely used.
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Non-linear finite element method



Newton-Raphson method: how it works I

m Consider a problem: find # such fw)
that f(u) =0

m Start with an initial guess: u = 1/ )

Sflup)

m [teration i

m Taylor expansion
fui + Auy) =

o
fu) + 3 Au; =0 Uy o

B Increment

9 -1
Au; = —(()—J; “I) fu;)

m Update 1,1 = u; + Au;

m Check convergence: if
’f(ll,,'+])| < ¢, then exit.
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m Consider a problem: find # such
that f(u) =0

m Start with an initial guess: u = 1/
m [teration i

m Taylor expansion
fui + Auy) =

+ af‘ Au; =0
fuy) @Hl u =

B Increment »
Au; = ) fu;)

(5

m Update 1,1 = u; + Au;

m Check convergence: if
’f(ll,,'+])| < ¢, then exit.

V.A. Yastrebov

Newton-Raphson method: how it works I

Sa)
i
Jdu
1
Sfup)
128
U u, ou
Au
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Newton-Raphson method: how it works I

m Consider a problem: find # such fw)

that /(1) = 0 S
Ju

m Start with an initial guess: u = 1/ ) 1
Sflup)

m [teration i

m Taylor expansion
fui + Auy) =

fw)+ 2| au=o0 T T
u; e u; = 0 1
8” uj Au(,

Sfuy)

B Increment

9 -1
Au; = —(()—J; “I) fu;)

m Update 1,1 = u; + Au;

m Check convergence: if
’f(ll,,'+])| < ¢, then exit.
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Newton-Raphson method: how it works I

m Consider a problem: find # such fayy
that f(i1) = 0 o
Ju
m Start with an initial guess: u = 1/ ) 1
Sflup)
m [teration i
m Taylor expansion )
fui + Auy) = ! 2
af fluy) : l ¢
fu;) + —‘ Au; =0 Uy U o
8” uj Au(, Au,

B Increment

9 -1
Au; = —(()—J; “I) fu;)

m Update 1,1 = u; + Au;

m Check convergence: if
’f(ll,,'+])| < ¢, then exit.
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Newton-Raphson method: how it works I

m Consider a problem: find # such fw)
that f(u) =0

m Start with an initial guess: u = 1/ )

Sflup)

m [teration i

m Taylor expansion

u
fui + Auy) = fi) 2%
. o e
f(l,l,') + 7‘ Au; =0 Uy i Uy foou
du u; Auy  Auy Au,

B Increment

9 -1
Au; = —(()—J; “I) fu;)

m Update 1,1 = u; + Au;

m Check convergence: if
’f(ll,,'+])| < ¢, then exit.
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Modified Newton-Raphson method

m Consider a problem: find # such S
that f(u) =0

m Start with an initial guess: u = 1/ )
Suo)

m [teration i
m Taylor expansion
fui + Auy) =

af
fu) + 30

Au; =0 i You

g

B Increment

e {2

-1
du ) )
Update 1.1 = u; + Au;

1y

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once
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m Consider a problem: find # such
that f(u) =0

m Start with an initial guess: u = 1/
m [teration i

m Taylor expansion
fui + Auy) =

o Au; =0
fu) + 3 . u; =
m Increment
Au; = oF B )
u; = 30 . f(u;

Update 1.1 = u; + Au;

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once

V.A. Yastrebov

Modified Newton-Raphson method

Sa)
i
du
1
Slug)
|2¢
U u )
Auyg
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Modified Newton-Raphson method

m Consider a problem: find # such fw)

that /(1) = 0 S
Ju

m Start with an initial guess: u = 1/ ) 1
Suo)

m [teration i
m Taylor expansion
fui + Auy) =

fu) + g—f

Sfuy)

Au; =0 Uy U foou
g Auy

B Increment

e {2

-1
du ) )
Update 1.1 = u; + Au;

1y

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once
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m Consider a problem: find # such
that f(u) =0

m Start with an initial guess: u = 1/
m [teration i

m Taylor expansion
fui + Auy) =

o Au; =0
fu) + 3 . u; =
m Increment
Au; = oF B )
u; = 30 . f(u;

Update 1.1 = u; + Au;

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once

V.A. Yastrebov

Modified Newton-Raphson method

Sa)
s
Jdu
1
Sfup)
Sfuy)
Sfuy) 128
U Uy Uy A u
Auy El
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m Consider a problem: find # such
that f(u) =0

m Start with an initial guess: u = 1/
m [teration i

m Taylor expansion
fui + Auy) =
i Au; =0
fu) + 3 u; =

g

Increment

e {2

-1
du ) )
Update 1.1 = u; + Au;

1y

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once

V.A. Yastrebov

Modified Newton-Raphson method

Sa)
il
Jdu
) 1
Sfup)
Sfuy)
fluy) 128
U Uy Uy Uty A u
Auy El
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Modified Newton-Raphson method

m Consider a problem: find # such fw)
that f(u) =0

m Start with an initial guess: u = 1/ )

Sflup)

m [teration i

m Taylor expansion
fui + Auy) =

af
fu) + 30

Sfuy)
Sfuy)

Au; =0

g

Increment

e {2

-1
du ) )
Update 1.1 = u; + Au;

1y

Check convergence: if
’f(lt,'+1)| < ¢, then exit.

m Remark: The tangent is
computed only once
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Newton-Raphson method: how it works II

m Consider a system of non-linear equations [f([u])] = 0. Find vector [u].
m Start with an initial guess: [u] = [ug]

B Iteration i

dlf]

B Taylor expansion [f([w] + Alwi])] = [£([w;])] + m - Alw] =
s . ons: | 21 1 = —[£(w;
ystem of linear equations: Ia] Alwi] = —[f([wi])]
[u;]
matrix [K]

Update [ui1] = [us] + Afu]

m Check convergence: if || f (11i+1)|| < ¢, then exit.

V.A. Yastrebov Lecture 2 68/89



Newton-Raphson method: how it works II

m Consider a system of non-linear equations [f([u])] = 0. Find vector [u].
m Start with an initial guess: [u] = [ug]

B Iteration i

B Taylor expansion [f([w] + Alwi])] = [£([w;])] + % - Alw] =
s . ons: | 21 1 = —[£(w;
ystem of linear equations: Ia] Alwi] = —[f([wi])]
[u;]
matrix [K]

Update [ui1] = [us] + Afu]

m Check convergence: if || f (u,;,ﬂ” < ¢, then exit.

h
x,Y) . I
m Example: A = 0, tangent matrix [K] = | 5/ /
P [fz(x,y) 8 K=z 2
m Start with xo, o, giving the first increment

Axo| _ _ | Aixo,v0)
{A]/o]_ ([K]'l‘wo) [fz(xn,]/o)]
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Newton-Raphson method: some theory

m To ensure quadratic convergence of the Newton-Raphson for any initial
guess iy € (I | Yu :|u—u| < e}, we require that

(1) Yuel: f(u)=Fflu)+f (w)(u—u)+ %f”(u*)(u—u*)2+0((u—u*)3),
i.e. f is well approximated by the truncated Taylor expansion
everywhere in 7.

(2) Yuel: feC?ie. second derivative is continuous.
@) VYuel: f(u)+0

TROTp
fr(w)

(4) AC< oo, Yuelr: '

w1
©) € f(u.) <2
m Remark: normally in FEM we do not compute ", so it is sometimes
difficult to justify the convergence.

£ (u.) ‘
)

*f

() = 2

o
Where f'(11.) = @'

U=t U=l

V.A. Yastrebov Lecture 2 70/89



Newton-Raphson method: warning

m Cases which do not ensure convergence

m Case I: function f is not well approximated in 7 by the three terms of
Taylor expansion

m CaseIl: functionhas Ju € 7 : f'(u) =0

flu) Case | flw) Case II
Sfug)
fug)
u 2¢
e 2 . \
0
) L\
! \/2 .
Sfluy)
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Newton-Raphson method: warning

m Cases which do not ensure convergence

m Case I: function f is not well approximated in 7 by the three terms of
Taylor expansion

m CaseIl: functionhas Ju € 7 : f'(u) =0

flu) Case | flw) Case II
Sfug)
Sfluo)
uy 2¢
1L l fauy)
Uy \ tu 2
. {3
infinite looping fuy) y £ l
Uy uyu t U
Sfuy)
missing root
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Newton-Raphson method: warning

m Search for x, y which solve f(x, ) = x* + 2(x + 2)1> — 1,
g y) = Py +2x =y +2

m Roots {-0.6286, —0.6746}, {—0.5474,0.6330}

m Basins of attraction of these roots for different initial guess xy, /o

1

E =f*(xy) + &(x)
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Newton-Raphson method: warning

m Search for x, y which solve f(x, ) = x* + 2(x + 2)1> — 1,
g y) = Py +2x =y +2

m Roots {-0.6286, —0.6746}, {—0.5474,0.6330}

m Basins of attraction of these roots for different initial guess xy, /o
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Newton-Raphson method: warning

m Search for x, y which solve f(x, ) = x* + 2(x + 2)1> — 1,
gle,y) =Xy + 2(x — ) + 2

m Roots {-0.6286, —0.6746}, {—0.5474,0.6330}

m Basins of attraction of these roots for different initial guess xy, /o
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Nonlinear weak form

m Let ¢ be a non-linear function of strain, and £, be a function of time

f(:r(g):Ong:fto(t)-bgdSwafv-ngV
Q

Q Ty

m The equation (non-linear) to solve:

R(g,t):fc:r(g):Ogd,V—ftu(t)hgdS—ffvvbng:O
Q

Q T

m Denote: u(t + At) = u**!

m Problem: find such field /' so that R(z/*!, 1) = 0
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Newton-Raphson method: Step 1

m Initial guess: #//*!

» Find such field Au so that R(u" + Auy, 1) = 0

= 1" + Au, with unknown Az,

m Taylor expansion (zero-th iteration):

) ) ) JR
R@ + Auy, #71) =| 0 = R £) + =

Au

Uy |+ O(AES)

uk, ph+1

R(g’f,f’\'“):fg(ék):ogdvff;o(t"'”)~bydsfffv~ogdv
) Q

Q Ty
do(£")
= ——— : 0edV
u =

IR
du

k pk+1
u*, Q

m Solve boxed linear problem for Au, and update #}"" = 1" + Au,

m Construct new problem for u**! = u/*! + Au,, find Au,, etc.
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Newton-Raphson method: Step 2

m New guess: #"' = + Auy + Au, = v} + Au, with unknown Aw,
» Find such field Au so that R(u} + Au, ') = 0

m Taylor expansion (zero-th iteration):

) JR
R(t + Auy, #*1) =| 0= R@t, #41) + >

- Agl + O(Agf)

k ph+1
111,I

0 Iy

R(gﬁ‘,#\'*l):fg@l);oEdef;o(fk”)-olidsfffv-ogdv
Q

IR
du

do(e")
:f _a;l L oedV

Q

k ph+1
u]/f

m Solve boxed linear problem for Au, and update "' = | + Au,

m Construct new problem for u**! = 15" + Au,, find Au,, etc.
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Newton-Raphson method: Step 2

m New guess: #"' = + Auy + Au, = v} + Au, with unknown Aw,
» Find such field Au so that R(u} + Au, ') = 0

m Taylor expansion (zero-th iteration):

) JR
R(t + Auy, #*1) =| 0= R@t, #41) + >

- Agl + O(Agf)

k ph+1
111,I

0 Iy

R(gﬁ‘,#\'*l):fg@l);oEdef;o(fk”)-olidsfffv-ogdv
Q

IR
du

do(e")
:f _a;l L oedV

Q

k ph+1
u]/f

m Solve boxed linear problem for Au, and update "' = | + Au,
» Construct new problem for #**' = u}*' + Au,, find Au,, etc.

® And so on until convergence.

V.A. Yastrebov Lecture 2 79/89



Newton-Raphson method: Step 2

m New guess: "' = u* + Auy + Au, = u' + Au, with unknown Aw,
m Find such field Au so that R(u! + Au, ") =0

m Taylor expansion (zero-th iteration):

: dR
R(Ell( +A21,fk+l) =0 :R(Eliltlﬁrl)_i_ %

SAuy |+ o(Aw)

k tk+1
”l”

R, #1) = f o(e"): 5edV — f £ (E7) - dudS — f f,-oudv| (+)
Q

Q Iy

dga(e")
:f ==L . 5edV | ()
ket Ju -

m Solve boxed linear problem for Au, and update 14"' = u! + Au,

IR
du

m Construct new problem for u**! = u{*' + Au,, find Au,, etc.

® And so on until convergence.
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Newton—Raphson method: residual vector

m Continuum residual:

R(gfr’,f"’*'):fg(gl);agd\/— [;U(H‘*')-(SMS—ffv-(sgdv (%)
r Q

Q Iy

m Discretized residual:

R"(uf/tk*%:[z f {ISTEFDIBI" ~[£v]" [NT' }detmdadu— f [t [N]" dS |o[u]
¢ 0 I
(%)
R

(%)

m Finally R"(uf, ) = [R]"6[u]

m Assume that convergence is met if || [R] [[max < € || [to] [|max, Where
' R] {lmax = max(Ril)

m Terms (x) and (**) do not depend on gf‘ thus should be evaluated only
once per load step

m If f and the mesh do not change during the simulation (x) should be
evaluated only once at the first load step
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Newton-Raphson method: tangent stiffness matrix

m Continuum tangent:

IR da(e") de da(e") e
:f — :éng:f—_:;:—_-éng (%)
uk perl 4 - P (gﬂ u

u

du de d
m Discretized tangent stiffness matrix:

(<1t = Y [ 1B1IDr) (B det (1] dedy

PR
e e

as|| ee) (Volst notations)
a[E] uk aé 15 e ge odulus Olg otations

m Where [Dr] =

m Remark I: In case of linear elasticity [Dr] = [D] is the elasticity tensor
and we recover the linear FEM formulation
PW
m Remark II: If there exists a stored-energy potential W then [Dy] ~ e

efC:¢

N =

for example, for linear elasticity W =
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Newton-Raphson method: summary

m At every iteration / we compute a linear system of equations:
[Ki] Aluin] = [Ri]
matrix [K;] and residual [R;] are computed in configuration

determined by [u;]
m Displacement vector is updated [u;,1] = [u;] + Aujq]
m The linear system is computed again with newly computed residual
[Ri;1] and newly computed tangent stiffness matrix' [Ki,4]

[Kiaa] Aluiiz] = [Ris]

® And so on until convergence

LIf the full Newton-Raphson method is used, otherwise the tangent operator is computed
only once on the first iteration (or on a few first iterations).
Lecture 2 83/89
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Example: elastic material

m Decomposition of stress and strain tensors into deviatoric ( s, ¢ ) and
spherical parts:

IS}

:é—p

m Linear isotropic elasticity: g= Ky Hi + ZGog

I~

E=e+

0L 0 =tr(e)

W =

m Tangent operator:

de 90 9

8()@%4—

8£:

=T

#
SISy
I
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Example: elastic material

m Decomposition of stress and strain tensors into deviatoric ( s, e ) and

spherical parts:

I~

g=e+ 0L 0 =tr(e)

1)

IS}
W[ =

m Linear isotropic elasticity: g= Ky Hi + ZGog
m Tangent operator:
do 20 do de
— + — : —
e 3 de de
= <
N—— ~—— N——
I o'l Ll

V.A. Yastrebov Lecture 2 85/89



Example: elastic material

m Decomposition of stress and strain tensors into deviatoric ( s, ¢ ) and
spherical parts:

IS}

0L 0 =tr(e)

W =

m Linear isotropic elasticity: g= Ky Hi + ZGog

I~

£=e+

m Tangent operator:

dg_dg g9 90 %

-
g
3
Il
2
I~
®
|1~
+
N
@)
(=]
—_
[~
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Example: viscoelastic material

m 3D viscoelastic formulation

o=KOL+2Ge- ) q

i=1,N "

10 Z%’%’:l—gbm

i=1,N

. 1 /’i
() 9 +*q,=2G0%g ,

m Deviatoric part of the tangent operator:

ds ds
= 4 1 = = =i L[4 _1
a:‘ag‘(i_#@é)‘[ggzl_:aq'w]'(i sLel)
m Use theta-rule to obtain dg /de:

=i

2G /’,'Af
i(HAf) = ﬁ {i(t) (1 -(1- o)%“) + “T‘f [Oe(t + Aty + (1 - ())g(f)]}

1

& _ 2GoOPiAt

(9§ T+ OAt =
V.A. Yastrebov
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Example: viscoelastic material I

m Finally the deviatoric part turns:

1
_ZGo[l—GAtZ +6At}-(*£— §£®£)

||§n'“\||%’

m The full tangent operator:

Jdo ).

= Wz (4 1 )
D = —=KI®I+2Gy|1—- OAt I--IQI
S ”[ Z}_m,+0m] 27 32%2

m Remark: it does not depend on strain or stress, thus the
Newton-Raphson procedure convergens in one iteration.
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Thank you for your attention!






