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Main idea

m Recall Flamant’s or Boussinesq's Fx)
solution for a single force acting on a
half-space

m Due to pressure p distributed in
x € [a, b], ertical displacement 1 on

any location x is given by
b

2(1 —v?
u(x) = 110+% fp(s)log [s—x|ds

a
. . . . Ax
m Discretize the surface traction into ~—

piece-wise constant values defined i
over a regularly spaced grid: p; at x;
with spacind Ax

m Then the displacement at location x;
due to a single pressure element ) o "
located at ; is Continuous and discretized formulations
uj =
, x;+Ax/2
2(1 —v9)

uy + ———— log|s — xi|ds |p;

0 E 3| ilds | pi

xj—Ax/2
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Main idea 11

m Or simply
uj = up + Sip;
) Xj+Ax/2
21 -v
where S;; = % log s — xj| ds
xj—Ax/2

m Define a rough surface s;, the gap is given

i =65 — U

m Find p; such that
Vx;:pi20, =0,

= gipi=0
® Mixed BC formulation:

in contact,j € C:
S,‘,‘f?, = §,‘ —uy, pi=0, A,\’Z pi = Fiot
where S ji is a submatrix of Sj;

out of contact 7,j € NC:

Sjipz < Sj — Uy, pi= 0
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Continuous and discretized formulations
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Computational approach

m Prescribe indeter’s surface s(x) — s;
m Prescribe indentation depth 1

m Initial guess for the contact set C

V.A. Yastrebov Lecture 4b 117



Computational approach

m Prescribe indeter’s surface s(x) — s;
m Prescribe indentation depth 1
m Initial guess for the contact set C
m Start iterations
Construct submatrix 5 ji from Sj;
Solve fori,j € C
5,','/?7[ =8 —up
Complete the pressure vector
pi=0 if VigC
Construct full solution
Sjipi = uj — g
Ifu;—up>sjaddjinC

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 6 Iteration 0
m Prescribe indentation depth 1 — ()
o N s u, (x)
m Initial guess for the contact set C S
m Start iterations )
Construct submatrix 5 ji from Sj;
.. e
Solve fori,j € C 33
Sjipi = 3 — uo N
2 e
Complete the pressure vector
pi=0 if Vi¢gC 1
Construct full solution "‘“‘% Aﬂm’
Sjipi = uj — g 6% 02 0456 0.8 1.0
A Ifu;—uy>siaddjinC s
B JTR ] Example: cylindrical indenter
If pr. < 0 remove k from C
If C no longer changes, then
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convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 5. Iteration 1
m Prescribe indentation depth 1 15
m Initial guess for the contact set C L
m Start iterations 05
Construct submatrix 5 ji from Sj; . s \
Solve fori,j € C j .: 1
5,','/?7[ =8 —up -
Complete the pressure vector -
pi=0 if VigC 13 — @
< u(x)
Construct full solution -2 | v plz)
Sjipi = uj — g ~280 02 04 06 08 1.0

z

ffuj—ug >sjaddjinC Example: cylindrical indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 5. Iteration 2

m Prescribe indentation depth 1 — ()
. e ()

m Initial guess for the contact set C L E N

m Start iterations

Construct submatrix 5;; from Sj; ! i
Solve fori,j € C & °-5§"“"%%%' vfgw“‘"’"‘w
Sjii =5 — o P~

Complete the pressure vector *
pi=0 if Vi¢gC Y
Construct full solution
Sjipi = uj — g -16% 02 04 06 08 1.0

Huj = > sjadd jin € Example: cylindrical indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 5. Iteration 3
m Prescribe indentation depth 1 — ()
m Initial guess for the contact set C 15 v ,a"”"'""’%.\ ) ZEZ(;)
m Start iterations ' )
Construct submatrix 5 ji from Sj; 1.
Solve fori,j € C B ] |
5,','/?7[ =8 —up 0.5"‘*\*\%% ”/Mw“
Complete the pressure vector "%,% -
pi=0 if VYigC 0.0 e
Construct full solution
Sjipi = uj —ug -08% o.zv 04 08 'o.s 1.0

Huj = > sjadd jin € Example: cylindrical indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 16 Convergence
' e
m Prescribe indentation depth 1 — ()
. L4 4 e w(2)
m Initial guess for the contact set C 7 !
L ] L p@)
m Start iterations '
Construct submatrix S ji from Sj; L i
.. & )i
Solve fori,j € C 508 / \
Siipi =3 —up 0.6
[, -
Complete the pressure vector 04 e\ | ﬂ
A oy &
pi=0 if VigC S, #
0.2 ",
Construct full solution ", ﬁ{j
LN
Sjipi = uj — g 085 0.2 04 06 08 1.0

ffuj—ug >sjaddjinC Example: cylindrical indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 15 Iteration O
m Prescribe indentation depth 1 — ()
.. N 1 u, (z)
m Initial guess for the contact set C
r— p(z)
m Start iterations 5
Construct submatrix Sj; from Sj; 0 ﬁ‘% J———
Lo Y I
Solve fori,j € C 3
Sjipi = 3 — uo B
Complete the pressure vector -1
pi=0 if Vi¢gC
_15
Construct full solution
Sjipi = uj — g -85 02 04 06 08 1.0

Ifu — ;. i
uj = ttg > 5j add jin € Example: wavy indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; Iteration 1

S

m Prescribe indentation depth 1

m Initial guess for the contact set C \“%«

m Start iterations

Construct submatrix 5 ji from Sj; ! 1

Solve fori,j € C

Sjipi = 5j — g

Complete the pressure vector

pi=0 if VigC Tl — 2o
° u(x)
Construct full solution s (@)

Sjipi = uj — g ~16o 02 04 06 08 1.0

T

Ifu — ;. i
uj = ttg > 5j add jin € Example: wavy indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; N Iteration 2

m Prescribe indentation depth 1

m Initial guess for the contact set C

m Start iterations o, -
Construct submatrix S ji from Sj; ) | |
Solve fori,j € C : I

S;ipi = 5 — uo )
Complete the pressure vector -
pi=0 if VigC @)
Construct full solution -3 ;Sﬂ)
Sjipi = uj — g ~60 02 04 _ 06 08 1.0

Ifu — ;. i
uj = ttg > 5j add jin € Example: wavy indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; Iteration 3

w

m Prescribe indentation depth 1

m Initial guess for the contact set C

m Start iterations 7 \

=

Construct submatrix Sj; from Sj; Ny

1Y Ve, o

Solve fori,j € C 20

Siipi = 8j — o

Complete the pressure vector
pi=0 if VigC — )

Construct full solution ()

Sjipi = uj — g ~d0 02 04 06 08 1.0

Ifu — g i
uj = o > s5jadd jin € Example: wavy indenter
If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Computational approach

m Prescribe indeter’s surface s(x) — s; 3. Iteration 4
m Prescribe indentation depth 1 55 A
m Initial guess for the contact set C 5
m Start iterations 19 |
Construct submatrix 5 ji from Sj; | |
1.
.o B
Solve fori,j € C R — | |
- 0.5 -
Sipi =8 —u BN ]
jiPi = 5~ Ho o |
Complete the pressure vector
pi=0 if VigC 03— @
1.0 u, (x)
Construct full solution B
Sjipi = uj — g -160 02 04 06 08 1.0

H Q&
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Ifu;—up>sjaddjinC
If pr. < 0 remove k from C

If C no longer changes, then
convergence is reached.

z

Example: wavy indenter

Lecture 4b 15/17



Computational approach

m Prescribe indeter’s surface s(x) — s; 20 Convergence
m Prescribe indentation depth 1 — @) ~
L. N u, (z) J 3
m Initial guess for the contact set C 2.5
v p(z)
m Start iterations 5l \
Construct submatrix S ji from Sj; ! |
.o Eh
Solve fori,j € C 315 J !
Siipi =5 — up
1. 1 1
Complete the pressure vector
pi=0 if VYigC P -
Construct full solution ““\% »W
o, el
Sjipi = uj — g 083 02 5408 i 1.0

Ifu — ;. i
4j —up > 5jaddjin € Example: wavy indenter

If pr. < 0 remove k from C

H Q&

If C no longer changes, then
convergence is reached.
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Spectral approach

m Relationship between vertical P

displacement and pressure m m

p(x,y) = po cos(kyx) cos(kyy) w W
Po

E* \[K2 +kf,

m Then passing throug Fourier space 7 :

u; = F Hw : F(p)) (%) ~ plx)
o it N
L

Wy =
nE* Vk2 + [

uz(x,y) = cos(kxx) cos(kyy)

Pressure/displacement proportionality
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