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Introduction




Industrial and natural contact problems

Assembled parts, e.g. engines

Aircraft’s engine GP 7200
www. safran-group. com

[1] M. W. R. Savage
J. Eng. Gas Turb. Power, 134:012501 (2012)


www.safran-group.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Wilde/ANSYS wildeanalysis.co.uk


www.sncf.com
wildeanalysis.co.uk

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts
Gears and bearings

Bearings
www.skf.com

Pn'lEm

[1] F. Massi, J. Rocchi, A. Culla, Y. Berthier
Mech. Syst. Signal Pr., 24:1068-1080 (2010)


www.skf.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts
Gears and bearings

www.mscsoftware.com


www.tpg.com.tw
www.mscsoftware.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Assembled breaking system
www.brembo.com



www.brembo.com
www.mechanicalengineeringblog.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Tire-road contact

Tire-road contact www.michelin.com

©

[1] M. Brinkmeier, U. Nac st, S. A
0. von Estorff, J. Sound Vib., 309:20-39 (2008)


www.michelin.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Tire-road contact

@A Metal forming

[1] G. Rousselier, F. Barlat, ). W. Yoon
Int. J. Plasticity, 25:2383-2409 (2009)


www.thomasnet.com

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Tire-road contact

@A Metal forming

Crash tests Crash-test wwi.porsche.com

[1] O. Klyavin, A. Michailov, A. Borovkov www.fea.ru


www.porsche.com
www.fea.ru

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Tire-road contact

@A Metal forming

Crash tests -
B Biomechanics oSS oSS et

J. A. Weiss, University of Utah
Musculoskeletal Research Laboratories


www.sportssupplements.net

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems F
Tire-road contact Sand dunes wwwen.uikipedia.org
@A Metal forming

Crash tests

H Biomechanics

B Granular materials

E. Azema et al, LMGC90


www.en.wikipedia.org

Industrial and natural contact problems

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings

Breaking systems

Tire-road contact

@A Metal forming

Crash tests D e tercaancom .
H Biomechanics

B Granular materials
Electric contacts

Simulation of electric current
www.comsol.com


www.taicaan.com
www.comsol.com

Industrial and natural contact pro
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Assembled parts, e.g. engines
Railroad contacts
Gears and bearings
Breaking systems
Tire-road contact
Metal forming
Crash tests
Biomechanics
Granular materials
Electric contacts
Tectonic motions

=

B e
San-Andreas fault, by M. Rightmire
www.sciencedude.ocregister.com

'[1]>1.D. Garaud, L.

ut, G. Cailletaud
Colloque CSMA (2009)



www.sciencedude.ocregister.com

Industrial and natural contact problems
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Assembled parts, e.g. engines
Railroad contacts
Gears and bearings
Breaking systems
Tire-road contact
Metal forming
Crash tests
Biomechanics
Granular materials
Electric contacts
Tectonic motions
Deep drilling

> ™

Drill Bit tool Robit Rocktools;
extraction of geothermal energy (SINTEF,NTNU)
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Industrial and natural contact pro

Assembled parts, e.g. engines
Railroad contacts
Gears and bearings
Breaking systems
Tire-road contact
Metal forming
Crash tests
Biomechanics
Granular materials
Electric contacts
Tectonic motions E

Simulation of formation of Copernicus crater

Deep drilling
. . . C, etal. Projectil i |
Impact and fragmentation T ek of Wi ipactcraters. Nature Geo 8 G0r3)

Rock type, time = 103.002 s

CHCHoN-N-N-oN-N- -

Jary

Jary


www.MrEclipse.com
maps.google.com

Industrial and natural contact pro

~NCESE-No oMl NN N~ -

Assembled parts, e.g. engines
Railroad contacts

Gears and bearings
Breaking systems
Tire-road contact

Metal forming

Crash tests

Biomechanics

Granular materials
Electric contacts

Tectonic motions

Deep drilling

Impact and fragmentation
etc.

Impact crater, Arizona
www.MrEclipse.com et maps.google.com

Rock type, time = 103.002 s

Simulation of formation of Copernicus crater
Yue Z., Johnson B. C., et al. Projectile remnants in central
peaks of lunar impact craters. Nature Geo 6 (2013)


www.MrEclipse.com
maps.google.com

Physical and mathematical complexity

m Contact interface is hard to observe in situ

m Plenty of phenomena happen in the interface

m Strong thermo-mechanical or fluid-solid coupling in sliding

m Mathematical formulation is also non-trivial, hard to handle analytically
m Robust and accurate computational framework is needed

Mechanical loads @ Thermal ;ff : Environment ‘4‘ Electric ’—‘
::> IRAAR]

Phase transformation Oxidation  Quantum Wetting Lubrication Contamination
effects

\ [ 1
Yy A ‘
3rd body Electric current / Wear Plasticity induced  Frictional heat production /
Joule heating roughness heat transfer (diffusive/balistic+conv./radiat.)

Interface between two solids in contact



Basics of Contact and Friction




Equilibrium and contact conditions

m Balance of momentum
V.g+f,=0 inQ, 4

L
o-n=1%, on Ff ’
u=u, onTl, L
? on I, r
m Frictionless contact conditions (intuitive) I’
. 2 :
No penetration Q r L <

No adhesion
No shear transfer



Equilibrium and contact conditions

m Balance of momentum
V-g+£\,20 inQu

g-n=1%, onfy
u=u, onrly,
? onrl,

m Frictionless contact conditions (intuitive)

No penetration
No adhesion
No shear transfer
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Equilibrium and contact conditions

m Balance of momentum ",
V-g+f, =0 inQ, L,
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Equilibrium and contact conditions

m Balance of momentum
V-g+£V=0 inQLg

g-n=1%, onfy
u=u, onry,
? on I,

m Frictionless contact conditions (intuitive)

No penetration
No adhesion
No shear transfer



Equilibrium and contact conditions

m Balance of momentum
V-a+f, =0

in QLQ
on ¢
onTly,
on Tl

m Frictionless contact conditions (intuitive)

No penetration
No adhesion

No shear transfer




m Gap function g

B gap = - penetration T g>0 4

® asymmetric function non-contact

m defined for L g=0
e separation g > 0 ny 71\ contact

e contact g =0
e penetration g < 0
B governs normal contact g<0
. penetration
m Master and slave split
Gap function is determined for all slave points
with respect to the master surface

Gap between a slave point and a master surface



m Gap function g

B gap = - penetration T g>0 4

® asymmetric function non-contact

m defined for L g=0
e separation g > 0 ny 71\ contact

e contactg =0
e penetration g < 0
m governs normal contact 8<0

. penetration
m Master and slave split :
o i . Gap between a slave point and a master surface
Gap function is determined for all slave points r
with respect to the master surface 4 s

m Normal gap ° n4

e

N

3

gn=n-|r;—p(x)
nis a unit normal vector, r_ slave point, p(¢,)
projection point on the master surface

Definition of the normal gap

Consider existence and uniqueness



Frictionless or normal contact conditions

AN GnA
m No penetration
Always non-negative gap 0
g20 g
= No adhesion
Always non-positive contact pressure
o, <0
m Complementarity condition
Either zero gap and non-zero pressure, or non-zero gap and

zero pressure
Scheme explaining normal contact

-0 .2
£an . conditions
m No shear transfer (automatically)
g, =0
o,=(g-n-n=0g:(ne®n)
g, =g n-opn=n-g- (i*wﬂ)



Frictionless or normal contact conditions

. * Gn‘
® No penetration

Always non-negative gap 0 non-contact

g20 g>0,0,=0

o
m No adhesion Vv
Always non-positive contact pressure fg’ © )
. o= restricted
o, <0 S :
. . regions
m Complementarity condition 0
Either zero gap and non-zero pressure, or non-zero gap and
zero pressure
g0,=0 Improved scheme explaining

. normal contact conditions
m No shear transfer (automatically)
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Frictionless or normal contact conditions

In mechanics:

AN G}’ZA
Normal contact conditions 0 non-contact -
= g> 0, 0, = 0 g
Frictionless contact conditions :\D/
Hertz.!"l -Signorini,,?! conditions g il
i regions

Hertz.!"1-Signorini,,!?!-Moreau,,"*! conditions

also known in optimization theory as

Improved scheme explaining
Karush.*1-Kuhn_'31-Tucker,, %! (KKT) conditions normal contact conditions

‘gZO, o, <0, go,=0

T Heinrich Rudolf Hertz (1857-1894) a German physicist who first formulated and solved the frictionless contact problem between elastic ellipsoidal bodies.
2 pntonio Signorini (1888-1963) an Italian mathematical physicist who gave a general and rigorous mathematical formulation of contact constraints.
3]ean Jacques Moreau (1923-2014) a French mathematician who formulated a non-convex optimization problem based on these conditions and introduced pseudo-potentials in
contact mechanics.
William Karush (1917-1997), 5Harold William Kuhn (1925-2014) American mathematicians,
6 Albert William Tucker (1905-1995) a Canadian mathematician.



Relative sliding

Recall:

e Convective coordinate in parent space
& e (=11

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1




Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:

¢ only tangential component o T T—»

o relative rigid body motion
e master’s deformation ®
08 é’ 0,5 §
V.= —¢1+—¢G2 L—>
—t o 0¢;

o}
where dp/d¢; are the tangent vectors of the local [

basis and ¢; are the convective coordinates. S

Relative slip between a slave point and a
deformable master surface



Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

2

6
PEE) S

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:

¢ only tangential component O ¢
o relative rigid body motion
e master’s deformation

R

Op é’ Op §
V,= <61+ 62 >
— o &, &
o 7
where dp/d¢; are the tangent vectors of the local —
basis and ¢, are the convective coordinates. Sol 9 ‘

Relative slip between a slave point and a
deformable master surface



Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:

¢ only tangential component o T
o relative rigid body motion
e master’s deformation

T

Op é’ Op §
v.=561+58 'l
—t 051 052 o 8
where dp/d¢; are the tangent vectors of the local : s [
basis and ¢, are the convective coordinates. Sol S ‘
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deformable master surface



Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:
¢ only tangential component o ¢ ’r—'
o relative rigid body motion
e master’s deformation
Op é’ Op §
V.= —¢1+—¢62 Lb—>
—t 051 052 o &
where op/o¢; are the tangent vectors of the local

= =
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Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:

¢ only tangential component o 7
o relative rigid body motion

e master’s deformation
Op é’ Op §
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Relative sliding

Recall:

e Convective coordinate in parent space
& e (-1;1)

e Mapping to real space

8
P12, t) = ) N (¢1,86)p' (1)
i=1

m Tangential slip velocity v,
must take into account:
¢ only tangential component O 7 T—’
o relative rigid body motion
e master’s deformation
Op é’ Op §
Vi= 61+t 592 >
o0& 9é, o &
where dp/d¢; are the tangent vectors of the local = —~ I
basis and &; are the convective coordinates. So S ‘

AN

Relative slip between a slave point and a
deformable master surface



Relative sliding: example

Consider a one-dimensional example:

P is a projection of A on segment BC. _é 4
xp=¢xe+(1-Oxg (1) B P C
Velocity of the projection point > . -
xp =Exc+ (1 - E)xp+(xc — xp)é £
—_—
dxp oxp ¢ >
3t T X
Substract the Velocity of point Xp for fixed g Example of a one-dimensional relative slip

. [} > OX ¢
Ve = Xp — Gf = (xc — x8)§ = §5¢

Compute tangential slip increment

Agtnﬂ — %)g . (fnﬂ 7§n)



Relative sliding: example

Consider a one-dimensional example: : A
P is a projection of A on segment BC. > 4
xp=¢xe+(1-Oxg (1) B P
Velocity of the projection point > -
Xp = Exc+ (1= &%+ (xc — xp)é £

—— e ——

dxp oxp ¢
ot o f

=y

Substract the Velocity of point Xp for fixed g Example of a one-dimensional relative slip

. 0 - OX ¢
Ve = Xp — Gf = (xc — x8)§ = §5¢

Compute tangential slip increment

Agtnﬂ — %}g . (fnﬂ 7§n)

Fisherman'’s analogy: observing sea flow around the boat.
Lie derivative: the change of a vector field along the change
of another vector field



Amontons-Coulomb’s friction

® Nocontactg >0, 0, =0
m Stick [v,| =0
Inside slip surface / Coulomb’s cone
f =g, - ploal <O
m Slip |v,|>0
On slip surface / Coulomb’s cone

f=lo,l-plonl =0 0 v
t
m Complementary condition 6,
One is zero another one is not or vice versa u
‘X[‘ ( ‘gt‘ _:ulo_ﬂ‘) =0

m Direction of friction
Shear and sliding are collinear

v.llo,
0 o,

Scheme explaining frictional contact
conditions



Amontons-Coulomb’s friction

No contact g >0, o, =0

Stick |v,| =0

Inside slip surface / Coulomb’s cone
f =g, - ploal <O

Slip |v,| >0
On slip surface / Coulomb’s cone

f=lo|-uloa|=0

Complementary condition
One is zero another one is not or vice versa

lv,I (lo;| —plogl) =0
Direction of friction
Shear and sliding are collinear

v.llo,

AN Gt A
uo, slip
A restricted
Q a
! regions
0 v:
GC; A
# .
1 restricted
region
J‘ .
%
stick
0 g,

Improved scheme explaining frictional
contact conditions



Amontons-Coulomb’s friction

No contact g >0, o, =0

Stick |v,| =0

Inside slip surface / Coulomb’s cone
f=lo,l-plonl <0

slip |v,| >0

On slip surface / Coulomb’s cone
f=lo,|-plonl=0

Complementary condition

One is zero another one is not or vice versa

‘X[H‘gt‘_ﬂlo_ﬂ‘) =0

Direction of friction
Shear and sliding are collinear

v.llo,

G, G,
o, sli A O,
4o, p U, Hio,|
._5 restricted . g atan(4) .
Z regions V, 7O, Op
li (o) 2 (6]
—=slip: —Hloy| / HIG,|

Scheme of 2D frictional contact
v, A [

Oy,

HG, <

Gy

st “slip -

stick




More friction laws

o Static criteria

) G a G a G a
slip max o,
§7-
é@ max o,
stick stick stick &/{0 stick J/{o
0 o, 0 g, 0 g, 0 g,
(a) (b) () (d)
(a) Tresca (b) Amontons-Coulomb (c) Coulomb-Orowan (d) Shaw
o Kinetic criteria
o, 4 G, A G, A G, A
o, o, c, o,
Hs Hs K slip Hs
Hi slipg Hi slip Hi slip
i~ ‘ ‘ ) % ~
) ) E= 2
0 / N poo log( v, +3) O §
() (b) © ()
(a,b) velocity weakening (c) velocity weakening-strengthening

(d) linear slip weakening
o us static and py kinetic coefficients of friction.



Towards a weak form




From strong to a weak form

¢ Balance of momentum and boundary conditions »
V.o+f,=0 inQ=Q,UQ, +B.C. v,
- 4
14
I
Ql
Fu 1
L.
EZ
2 <
S ik

Two solids in contact



From strong to a weak form

¢ Balance of momentum and boundary conditions »
V.o+f,=0 inQ=Q,UQ, +B.C. v,
- 4
i L,
e Balance of virtual works
Ql
/g-g-rSgdl' +/ fy-6u-g--6Vu| d2=0 I,
0Q Q I
E.Z
2 =
S ik

Two solids in contact



From strong to a weak form

¢ Balance of momentum and boundary conditions
V-g+f,=0 inQ=Q,uQ, +B.C.

N

Vyyy
Ff N
e Balance of virtual works Q Q!
. 1—:4
n-g-éudl |= I
Q
Y
VA
n-gc-8pdil+ [ v-g 6rdr? +/go-5gd|—f I’
r r2 fr 2 2
S b

Two solids in contact



From strong to a weak form

¢ Balance of momentum and boundary conditions
V-g+f,=0 inQ=Q,uQ, +B.C.

N

Ff N
e Balance of virtual works Q Q!
. 1—:4
/g-g-c‘igdl’ = r
oQ
Y
VA
n-g-spdrl+ [ v-g 6rdr? |= I’
7 72 2 B
S b
=[n-g-8p-rd= (cnégn+ o6& | drd
e m

Two solids in contact



From strong to a weak form

¢ Balance of momentum and boundary conditions
V-g+f,=0 inQ=Q,uQ, +B.C.

N

Yy
T
fy
e Balance of virtual worst Q!
. 1—:4
/ n-g-éudl |= rcl
Q
Y
VA
/g c:r-égdﬂ+ v-o-5rdr? |= 1';2
7 2 2 =
S b
=[n-g-8p-rd= (Unégn+ o8¢ ) drd
7 7

Two solids in contact

/g--éngQ+ (Jnégn+ gZ&f)ng :/go-ﬁgdr+/£v-6gd§2
Q

rd I Q

Contact term



From strong to a weak form

¢ Balance of momentum and boundary conditions
V-g+f,=0 inQ=Q,uQ, +B.C.

N

Yy Vy
Iy 0
e Balance of virtual works Q Q!
T =1 L 1
/g-‘rﬁngQ + (JnﬁgnJr o8& | dlc |= T.
Q Fd y
A
Change of the internal energy %
Contact term 1—Cz
/ao<5udr + /fv<5ud§2 o <
el =z L =z p <
; : n )
N’ S e
Virtual work of external forces

Virtual work of volume forces

e Functional space Two solids in contact

Su.u € H'(Q) Sobolev space of the first order (function and its first derivate is square integrable) and u satisfy
boundary conditions



From strong to a weak form

¢ Balance of momentum and boundary conditions
V-g+f,=0 inQ=Q,uQ, +B.C.

N

Yy Vy
Ff N
e Balance of virtual works Q Q!
T =1 L 1
/g S6VudQ  + (Unégn + 0,68 | dlc|> L.
Q FCW y
A
Change of the internal energy 1%
Contact term 1—Cz
oo Sudl  + /; - SudQ 2 =
/ Y Q r I <
e Q u <
e S~———

Virtual work of external forces ~ Virtual work of volume forces o
e Functional subspace Two solids in contact

Su.u € H'(Q) Sobolev space of the first order (function and its first derivate is square integrable) and u satisfy
boundary conditions and contact conditions, so we do optimization on a subset of H' (Q).



Variational inequality

m Optimization problem for F : V— R
B FindueVst. Vv eV: F(u) <F(v)

m If F € C' is convex then such minimizer v is a stationary point F’|, = 0
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m Optimization problem for F : V— R

B FindueVst. Vv eV: F(u) <F(v)

m If F € C' is convex then such minimizer v is a stationary point F’|, = 0
m However, finding minimizer of 7 on a subset [< ¢ V changes the story



Variational inequality

Optimization problem for F : V— R
Findu e Vst. Vv e V: F(u) < F(v)
If F e C'is convex then such minimizer v is a stationary point F’|, = 0

However, finding minimizer of 7 on a subset [< ¢ V changes the story

If K is convex, then if v € K is a minimizer,Vv € K. 8 € [0,1]: F(u) < F(u+8(v —u))



Variational inequality

m Optimization problem for F : V— R

B FindueVst. Vv eV: F(u) <F(v)

m If F € C' is convex then such minimizer v is a stationary point F’|, = 0

m However, finding minimizer of 7 on a subset [< ¢ V changes the story

m If K is convex, then if v € K is a minimizer, Vv € K,0 € [0,1]: F(u) < F(u+6(v—u))
m In the limit

lim F(u+6(v—u)) —F(u) -

0
6—0 [




Variational inequality

m Optimization problem for F : V— R

B FindueVst. Vv eV: F(u) <F(v)

m If F € C' is convex then such minimizer v is a stationary point F’|, = 0

m However, finding minimizer of 7 on a subset [< ¢ V changes the story

m If K is convex, then if v € K is a minimizer, Vv € K,0 € [0,1]: F(u) < F(u+6(v—u))
m In the limit

lim F(u+6(v—u)) —F(u)
6—0 0

=F'(u)(v—-u) >0



Variational inequality

Optimization problem for F : V— R

Findu e Vst. Vv e V: F(u) < F(v)

If F e C'is convex then such minimizer v is a stationary point F’|, = 0

However, finding minimizer of 7 on a subset [< ¢ V changes the story

If K is convex, then if v € K is a minimizer,Vv € K.8 € [0,1]: F(u) < F(u+8(v —u))
In the limit

lim F(u+6(v—u)) —F(u)

lim 5 =F'(u)(v—-u) >0

Variational inequality for minimizer v € K ¢

F'(uy(v-u) 20, Vvek




Example of variational inequality

F F

=Y
xY

v u X X

K

Minimize F(x) for x € K ¢ R, then the minimizer v satisfies

F'(uy(v—u) =0, VvekK




Variational inequality and a simplification

« Constrained minimization problem (variational inequality)!'-2!

/g-~5ngQ+/ gzéf ard > /go-égdr+/£v~5gd§2, uel,éuekK
rd Ir
[L:{geH‘(Q) |u=u, Onru,gn(g)ZOOnFc}

K:{@eﬂ-ﬂ‘(g) |6u=0onr, gn(ég)zoonrc}

[1] Duvaut, G. and Lions, J.L., 1972. Les inéquations en mécanique et en physique. Dunod, Paris, 1972
[2] Duvant, G. and Lions, J.L., 1976. Inequalities in mechanics and physics, Springer



Variational inequality and a simplification

« Constrained minimization problem (variational inequality)!'-2!

/g-~5ngQ+/ gzéf ard > /go-égdr+/£v~5gd§2, uel,éuekK
i T @

[L:{geH‘(ng:go Onru,gn(g)ZOOnFc}

K:{656H](Q)|5g:0 onr,, gn(ag)zoonrc}

o Use optimization theory to convert to

/g~~5ngQ+/ C(0n.0trgny E,6u) | dr} = /go~6gdr+/fv~5gd§2.

Q i

Contact term*

Unconstrained functional sub-spaces
[L:{HEHW(Q) |g:£0 Onl—u}
K={6ueH (Q) |su=0onl,}

Contact term* is defined on the potential contact zone I].

[1] Duvaut, G. and Lions, J.L., 1972. Les inéquations en mécanique et en physique. Dunod, Paris, 1972
[2] Duvant, G. and Lions, J.L., 1976. Inequalities in mechanics and physics, Springer



Optimization methods




Optimization methods

Functional to be minimized F(x) under constraint g(x) > 0

m Penalty method
m Lagrange multipliers method
m Augmented Lagrangian method



Optimization methods

Functional to be minimized F(x) under constraint g(x) > 0

m Penalty method

o New functional

B B 2] 0, if g(x) >0 non-contact
Fpo(X) = F(X) +| e (—g (X)) | = F(X) + {egz(x), if 2(x) <0 contact

where ¢ is the penalty parameter.
o Stationary point must satisfy
VFy(X) = VF(X) +2¢ (—g(X)) Vg(x) =0
o Solution tends to the precise solution as e — oo

m Lagrange multipliers method
m Augmented Lagrangian method

x, ifx>0

M lay bracket = .
acaulay brackets (x) 0, otherwise

= max{x,0} = ReLU(x)



Optimization methods

Functional to be minimized F(x) under constraint g(x) > 0

m Penalty method F,(x) = F(x) +m

= Lagrange multipliers method
o New functional called Lagrangian

LX) = F(X) +m

o Saddle point problem

min max{£(x,A)} — X* «— min {F(x)}
XA 2(%)20

o Stationary point

VxF (X) + AV g (X)
&%)

m Augmented Lagrangian method

=0 needtoverify A <0

x, ifx>0

0, otherwise _ max{x,0} = RelU(x)

Macaulay brackets (x) = {



Optimization methods

Functional to be minimized F(x) under constraint g(x) > 0

m Penalty method F,(x) = F(x) +
m Lagrange multipliers method £ (x. 1) = F(x) +
m Augmented Lagrangian method

[Hestnes 1969], [Powell 1969], [Glowinski & Le Tallec 1989], [Alart & Curnier 1991], [Simo & Laursen 1992]

o New functional, augmented Lagrangian

L.k A) = F(X) + {+ if A +2eg(x) <0, contact

—1)2 if A+ 2eg(x) > 0, non-contact
o Stationary point
VxF (X) + AVxg (X) + 2eg (X) Vg (X)

=0, ifcontact
g(X)

=0, if non-contact

. ifx > ¢ .
Macaulay brackets (x) = {g Iotﬁ:rm(l)ise = max{x,0} = ReLU(x) Uzawa algorithm



Optimization methods

Functional to be minimized F(x) under constraint g(x) > 0

m Penalty method F,(x) = F(x) +m
m Lagrange multipliers method £ (x. 1) = F(x) +

m Augmented Lagrangian method: Uzawa algorithm
Iterative procedure for A update:

L.06A) = F(X) +Aig(X) +eg?(X), if A; +2eg(x) <0

LX) = F(X)+ (A +eg(X)) g(X), if A+2eg(x) <0

Aiy1 = Aj +eg(X)

oL, OF ‘ og
o E+(/\,+26g(x)) ox =0

, ifx > Q .
Macaulay brackets (x) = E)( Iot;erm?ise = max{x,0} = ReLU(x) Uzawa algorithm



Optimization methods: example

30 T T T T T

25

20

-4 -2 0 2 4
X
Functional: 7 (x) = x? + 2x + 1
Constraint: g(x ): x>0
Solution: x* =0



Optimization methods: example

30

25

20

-4 -2 0 2 4

X
Functional : (x) = x? + 2x + 1
Constraint: g(x) = x >0
Solution: x* =0



Penalty method: example

F(X):X2+2X+17 g()():xzo7 X*:O
m Penalty method

Fp(x) = F(x)+|e <—g(x)>2




Penalty method: example

F(X):X2+2X+17 g()():xzo7 X*:O
m Penalty method

Fp(x) = F(x)+|e <—g(x)>2

30

f(x)
o
1
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Penalty method: example

F(X):X2+2X+17 g()():xzo7 X*:O
m Penalty method

Fp(x) = F(x)+|e <—g(x)>2

30

25

20 |

f(x)
o

r=1
f(x) oo
Isolution ‘. B

. . . ) . . . I
-4 2 0 2 4 ” P : - ;




Penalty method: example

F(X):X2+2X+17 g()():xzo7 X*:O
m Penalty method

Fp(x) = F(x)+|e <—g(x)>2

30
25 |
20 |
g5 |
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Penalty method: example

F(X):X2+2X+17 g()():xzo7 X*:O
m Penalty method

Fp(x) = F(x)+|e <—g(x)>2

30
25 |
20 |
= 15 |
10
r=50 --eeneen
° r=10 J
r=1
f(x) o
ot soluton @
1 1 1 1 | . \ , I ‘
-4 2 0 2 4 " > - - s




Penalty method: example

F(x)=x>+2x+1, g(x)=x>0, x*=0
m Penalty method

Fo(x) = F(x) +| € (—g(x))?

Advantages © Drawbacks ®
m simple physical interpretation m practically non-smooth functional
m simple implementation m solution is not exact:
m no additional degrees of freedom m too small penalty —
m “mathematically” smooth functional large penetration

B too large penalty — ill-conditioning of the
tangent matrix

m user has to choose penalty ¢ properly or
automatically and/or adapt during convergence



Lagrange multipliers method: example

F(x)=x>+2x+1, g(x)=x>0, x*=0
m Lagrange multipliers method

L(x,A) = F(x) + — Saddle point — min mAaxL(x,/l)
Need to check that A <0




Lagrange multipliers method: example

F(X):X2+2X+1, g(x) =X 207 X*:O
m Lagrange multipliers method

L(x,A) = F(x) + — Saddle point — min mAaxL(x,/l)
Need to check that A <0

Advantages © Drawbacks @
m exact solution m Lagrangian is not smooth
m no adjustable parameters m additional degrees of freedom

m not fully unconstrained: A <0



Augmented Lagrangian method: example

F(x)=x>+2x+1, g(x)=x>0, x*=0
m Augmented Lagrangian method

2 .
Ly(x,A) = F(x) + )‘f’(X) +, if A +2eg(x) <0, contact
_E/\Q’

if A +2eg(x) > 0, non-contact

Yellow line separates contact and non-contact regions



Augmented Lagrangian method: example

F(x)=x>+2x+1, g(x)=x>0, x*=0
m Augmented Lagrangian method

2 .
La(x,A) = F(x) + *f‘? +leg®(x) | ifA+2eg(x) <0, contact
—A
4e”

if A +2eg(x) > 0, non-contact

Yellow line separates contact and non-contact regions



Augmented Lagrangian method: example

F(x)=x>+2x+1, g(x)=x>0, x*=0
m Augmented Lagrangian method

2 .
Ly(x,A) = F(x) + Af’();) +, if A +2eg(x) <0, contact

- A%, if A +2eg(x) > 0, non-contact

Yellow line separates contact and non-contact regions



Augmented Lagrangian method: example

F(X):X2+2X+17 g(x) =X ZO, X*:O
m Augmented Lagrangian method

£a(xA) )lg(x) + if A +2eg(x) <0, contact

if A +2eg(x) > 0, non-contact

Advantages © Drawbacks ®
m exact solution m additional degrees of freedom
m smoother functional (!) E quite sensitive to parameter e

m fully unconstrained m need to adjust ¢ during convergence



Augmented Lagrangian with Uzawa algorithm

m Augmented Lagrangian method

L,(XA) = F(X) ++, if A +2eg(x) <0, contact

L£,(X,A) = F(X) + Aog (X) + eg?(X), if Ao +2eg(X) <0

Fix A = Ao

Converge with respect to x



Augmented Lagrangian with Uzawa algorithm

m Augmented Lagrangian method

L,(XA) = F(X) ++, if A +2eg(x) <0, contact

L,(XA) = F(X) + [Ao+eg(X)] g(X), if \g+2eg(X) <0

Fix A = Ao

Converge with respect to x and update 1,1 = A; + eg(x)



Augmented Lagrangian with Uzawa algorithm

m Augmented Lagrangian method

L,(XA) = F(X) ++, if A +2eg(x) <0, contact
Fix A = Ao

Converge with respect to x and update A;.1 = A, +eg(x)

L,(XA) = FX) + [A1 +eg(X)] g(X), if A1 +2eg(X) <0



Application to contact problems: weak form

/g-~5ngQ+/ dr} :/go-5gdr+/£v-5yd§2.

Q ! — Tr Q
° Contact term
veldueK, L={ueH(Q) |u=uyonl,}, K={6uecH (Q) |su=0onTl,}
m Penalty method
eg , if stick |o¢| < plon|
Pressure: o, = eg,, Sheario, = ¢ ~¢ .
pegndg,/16g |, ifslip lot| = ploy|
Contact term

C=C(gng, 58n.68,) =0nbgn+0, b8,



Application to contact problems: weak form

/g-~6ngQ+/ dr} :/go-6gdr+/£v-5yd9,

— Tr Q
Contact term
L={ueH(Q) |u=u, onl,}, K={6uecH (Q) |6u=0onTl,}

Q rl

uecl,bucek,
m Augmented Lagrangian method

Contact term
C=C(&n g, An A, 68n,68,.64n,64,)
—1 (An8An =2, -8A,), if non-contact A, +egn, > 0
)Alnégn+gn6/\n+&'§gl+€[ “8Ae, if stick |A,| < p|6,|

N p) p) S
AnBgn +EnbAn+ by — U6y - 5g — L (A +puén | -84, ifslip |A,| > ul6,|
el "=t € [A¢l t ¢

where 4, = A, +eg,and A, = 2, + cg,



Application to contact problems: linearization

o Non-linear equation

R(u,f)=0
o Contains 5gn. 08,
e Use Newton-Raphson method
o Initial state at step / o
R(u'.f') =0

e Should be also satisfied at step / + 1

R(H/Hvﬁiﬂ) — R(g"+5g.£/”) =0

e Linearize oR
R(H’I+5E.£H1) :R(HI’E/'H)Jr (u) 2:0
ou
o Finally
OR(u) ™!
bu = - ’ W R(u')
ou

contains ASgn, ASg,

o NB: Contact problem does not satisfy conditions of Kantorovich theorem on the convergence of Newton's

method.



Variation of geometrical quantities

Normal gap

m First variation enters in the residual vector:

0gn = n- (6r, - 6p)

m Second variation enters in the tangent matrix:

T T
ap dp —
A()g” =- 3( A& +AI é(.. —A’(: I;Ibé-l-
dp) _ ap
+gu|ALTH n-As= | A|n-oo=+ HoE




Variation of geometrical quantities

Convective coordinate of the projection
m First variation enters in the residual vector:

v 1% , Ip
08 =[A - guH] |57 O, 0p) + gun- 0=

[

pEast

m Second variation enters in the tangent matrix:

L8]
~——
<5
20~
|

) . 82 AQET (93? T 8;_) (92B
A& = (gH — A) {55 |07 AL+ A5z b+ ALT| 55 =

-8 | n- = 65+

. I
—gun - ba:ZAé +Aa_t_zbé




Example

m Use penalty method to enforce Dirichlet BC

m Use penalty method to enforce contact constraints

m First, detect contact elements

m Second, construct updated residual vector and tangent matrix

Contact between two elements



Particularities: mesh and convergence

m Strong mesh refinement is required
o especially at unknown edges of contact zones

L I |

Typical mesh for fretting analysis [L. sun, H. Proudhon, G. Cailletaud, 2011]
2D ~ 30000 DoFs, 3D ~ 5000000 DoFs



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones

\

Op ~ ———
V2 — 2
&On agn
Oy —> —00 —> 0 (0.0)
X—a ax X—a ax X—a

Infinite contact pressure and/or its derivative



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Infinite looping

Residual

Initial guess R(xo, o) =0



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Infinite looping

Residual

/Xo X

Too rapid change in boundary conditions R(xo, fi) # 0




Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Infinite looping

Residual

Iterations of Newton-Raphson method R (xo, fi) + %

6x=0—>6x=-
0

X(

9R

dx

-1
|X0 R(xo,fi) = x' = xo +6x



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Infinite looping

Residual

Iterations of Newton-Raphson method R(x", ) + 9&| 1 6x =0 — 6x = - %m R(x",f) > x2=x"+6x



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Infinite looping

Residual

Infinite looping



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Convergence to a “false” solution

Residual

Initial guess R(xo, o) =0



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Convergence to a “false” solution

\J

Residual

Too rapid change in boundary conditions R(xo, fi) # 0



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Convergence to a “false” solution

Residual
e

Iterations of Newton-Raphson method R (xo, fi) + 48 , 5x=0-6x=- %E; R(x0,fi) = x' = xo+6x

X(



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Convergence to a “false” solution

Residual

Iterations of Newton-Raphson method R(x", ) + 9&| 1 6x =0 — 6x = - %m R(x",f) > x2=x"+6x



Particularities: mesh and convergence

m Strong mesh refinement is required
e especially at unknown edges of contact zones
m Slow change of boundary conditions:
¢ strong non-linearities of contact / friction problems

e non-uniqueness of solution for frictional problems
Convergence to a “false” solution

Residual
N\

Convergence, but is it a “true” solution ?



Convergence problems: examples

m Infinite looping, e.g.

N
Y

active master segment master node A slave node

m Change of the contact state (contact/non-contact, stick/slip)
m Interplay between stiffness, friction and augmented Lagrangian coefficients!'!
m Combination of non-linearities (e.g., plasticity+contact)



Convergence problems: examples

m Simulation of a deep drawing problem
m Finite strain plasticity + frictional contact

p R p
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Convergence problems: examples

m Simulation of a deep drawing problem
m Finite strain plasticity + frictional contact




Convergence problems: examples

m Simulation of a deep drawing problem
m Finite strain plasticity + frictional contact

t=100, £=200,

inc=178, inc=472,
d=-10, d=-20,
p,.=10% p,.=17%

0 5% 10% 15% 20%
accumulated plastic strain



Convergence problems: examples

m Simulation of a deep drawing problem
m Finite strain plasticity + frictional contact

200 T T T T T T

180 /'—_- 4
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Reaction on the punch
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Displacement of the punch



Cylinder-plane frictional contact

m Non-conservative problem, history of loading is crucial




Cylinder-plane frictional contact

m Non-conservative problem, history of loading is crucial

sig22 at maximal normal load Normal loading
e I 0.001

L]
1
1]

|
O

T T
Contact pressure x CoF =
Shear traction  «

0.0008

0.0006

|

\

|

|

|
]
\

0.0004

0.0002

Stress

sigl2 at maximal normal load 0 e

TR InmEi
NN GAE

‘\ -0.0002 |-

-0.0004 -

-0.0006

-0.0008 [

-0.001 L . L L ‘
-0.02 -0.01 0 001 0.02

Press in 100 increments, u, ~ t2



Cylinder-plane frictional contact

m Non-conservative problem, history of loading is crucial

sig22 at maximal tan‘gential load

|

L

0

il
I

sigl2 at maximal tange

| .

RaaRN
EEREN

ntial load

0.001

0.0008

0.0006

0.0004

0.0002

Stress
o

-0.0002 -

-0.0004

-0.0006 -

-0.0008 -

-0.001

Shift in 100 increments, u, ~ t

Shear loading

Contact pressure x CoF
Shear traction

! L

-0.02 -0.01




Cylinder-plane frictional contact

m Non-conservative problem, history of loading is crucial

[ — oom PP p—
oo 50 inc
00008 0.0008 |
aoos >
3 o000 . N
o000 1001 1 inc
00002 nc 00004 0004
° 0.0002 0.0002
o002
. o
oot
- ooz
oo
oo

D000 00004

Comparison with: press in 1 increment, shift in 2 increments

Before sticking, every point of the contact interface has to pass through the slip zone. It
is impossible when loaded too fast.



Warning friction!

m For dissimilar materials, the friction matters even in normal contact
m The problem is thus path-dependent, the B.C. should be changed slowly

(1999)

Erroneous solutions

-1.0-0.8-0.6-0.4-02 0.00.2 0.4 0.6 0.8 1.0

x/a,
(2008)

Pressure (MPa)

50

(2003)

olee
X3
“n.’ et

xcoontnats ()
B

paaa AN 4

1o A An(computed)

L pn (exact)

*  M(computed)

(2017)



Warning friction!

Normalized tractions

0.0016

0.0014

0.0012

0.0010

0.0008

0.0006

0.0004

0.0002

o, oyl
loaded in 1 step ~—— ----

loaded in 100 steps ~—— ----

0.0008‘00

0.01 0.02 0.03 0.04

/A

[1] A.G. Shvarts, PhD thesis, MINES ParisTech (2019)
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Sphere-plane frictional contact: cycling
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Sphere-plane frictional contact: cycling
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Sphere-plane frictional contact: cycling
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m Deformable-on-deformable frictional = 4, _ 4,

sliding
m Results obtained by different A ;’V master R
groups™3455 differ significantly hial L 1]
m Local and global friction coefficients CEY |
may differ
h2

[1] Fischer K. A., Wriggers P., “Mortar based frictional contact formulation for higher order interpolations using the moving friction cone”, Computer Methods in Applied Mechanics
and Engineering, vol. 195, p. 5020-5036, 2006.

[2] Hartmann S., Oliver )., Cante J. C., Weyler R., Hernandez J. A., “A contact domain method for large deformation frictional contact problems. Part 2: Numerical aspects”,
Computer Methods in Applied Mechanics and Engineering, vol. 198, p. 2607-2631, 2009.

[3] Yastrebov V. A, “Computational contact mechanics: geometry, detection and numerical techniques”, Thése CdM & Onera, 2011.

[4] Kudawoo A. D., "Problémes industriels de grande dimension en mécanique numérique du contact : performance, fiabilité et robustesse, Thése @ LMA & LAMSID, 2012.
[5] Poulios K., Renard Y., "A non-symmetric integral approximation of large sliding frictional contact problems of deformable bodies based on ray-tracing", soumis, 2014.
[6] Zhou Lei’s blog, http://kt2008plus.blogspot.de
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Shallow ironing test
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Shallow ironing test

m No agreement between authors
m Dif. authors used dif. meshes (quadrilateral lin./sq., triangular lin.)
m Dif. authors used either finite or infinitesimal strain formulation

Tardieu, Kudawoo, 2011

Vertical Poulios, Renard, 2014
reaction Hartmann, Oliver, 2009
Zhou, 2014

Houssein, 2022 (FreeFEM++)
Fischer, Wriggers, 2006
Yastrebov, 2009

Reactions

Zhou, 2014

Fischer, Wriggers, 2006
Yastrebov, 2009
Hartmann, Oliver, 2009
Tardieu, Kudawoo, 2011

Horizontal .
i Poulios, Renard, 2014
reaction Houssein, 2022 (FreeFEM++)
1 J
Normal load Tangent load

Time step



Shallow ironing test

m No agreement between authors
m Dif. authors used dif. meshes (quadrilateral lin./sq., triangular lin.)
m Dif. authors used either finite or infinitesimal strain formulation

Reactions

Vertical
reaction
Horizontal
reaction
|
Normal load Tangent load
Time step

Global friction

0.59 Zhou, 2014

(.53 Fischer, Wriggers, 2006
0.47 Yastrebov, 2009

(.38 Hartmann, Oliver, 2009
0.34 Tardieu, Kudawoo, 2011

0.30 Poulios, Renard, 2014

Local coefficient of friction p; = 0.3



m It's just a tip of the “Computational Contact Mechanics”
iceberg

m Contact discretization and integration

Infinitesimal deformation / infinitesimal sliding

m Smoothing techniques

m Energy conservative methods for dynamics

General case

Node-to-segment

Segment-to-segment Contact domain method
Contact discretization techniques



FINITE ELEMENT

m It's just a tip of the “Computational Contact Mechanics” »ﬂ‘[;'\m.\mu
iceberg i
m Contact discretization and integration g
m Smoothing techniques 3
m Energy conservative methods for dynamics E
E
Computational
a Contact Mechanics
:j’ Second Edition

Computational
Contact and Impact
Mechani

Numerical methods in
Contact Mechanics

PWILEY

Laursen (2002)



L.(x,A) Thank you for your attention!
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